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ABSTRACT

The main subject of this PhD thesis is the study of (1,< ¢)-
identifying codes in digraphs. The results presented in this work are
divided into three parts. The first one focusses on the structural prop-
erties of digraphs admitting a (1, < £)-identifying code for £ > 2. In the
second part, we deal with the study of (1, < £)-identifying codes in line
digraphs. Finally, in the third part we approach the problem from an
algebraic perspective.

A (1, < £)-identifying code in a digraph D is a dominating subset C
of vertices of D such that all distinct subsets of vertices of cardinality
at most £ have distinct closed in-neighbourhoods within C'. In the
first part of the results, we prove that if D is a digraph admitting a
(1, < £)-identifying code, then £ < §~(D) + 1, where §~ (D) denotes
the minimum in-degree among all the vertices with at least one out-
neighbour. Once this upper bound is established, we give some sufficient
conditions for a digraph D, with §=(D) > 1, to admit a (1,< ¢)-
identifying code for £ € {6~ (D),5~ (D) +1}. As a corollary, a result by
Laihonen [45] (that states that a k-regular graph with girth at least 7
admits a (1, < k)-identifying code) is extended to any graph of minimum
degree § = k > 2 and girth at least 7. Moreover, we show that every
1-in-regular digraph has a (1, < 2)-identifying code if and only if the
girth of the digraph is at least 5. We also characterise all the 2-in-regular
digraphs admitting a (1, < ¢)-identifying code for ¢ = 2, 3.

In the second part, we prove that every line digraph of minimum
in-degree 1 does not admit a (1, < ¢)-identifying code for ¢ > 3. Then,
we give a characterisation of a line digraph of a digraph different from a
directed cycle of length 4 and minimum in-degree 1 admitting a (1, < 2)-

identifying code. The identifying number of a digraph D, 7P (D), is



the minimum size among all the identifying codes of D. We establish for
digraphs without digons (symmetric arcs) with both vertices of in-degree
1 that 7"/P(LD) is lower bounded by the number of arcs of D minus
the number of vertices with out-degree at least one. Thus, we show
that 7P (LD) attains the equality for a digraph having a 1-factor with
minimum in-degree 2 and without digons with both vertices of in-degree
2. We conclude by giving an algorithm to construct identifying codes
in oriented digraphs with minimum in-degree at least 2 and minimum
out-degree at least 1.

In the third part, we give some sufficient algebraic and combinatorial
conditions for a 2-in-regular digraph to admit a (1, < ¢)-identifying
code for ¢ € {2,3} by combining the results of the first part of this
thesis with some algebraic results. As far as we know, it is the first
time that the spectral graph theory has been applied to the identifying
codes. We present a new method to obtain an upper bound on ¢ for
digraphs by considering the positive and negative entries of eigenvectors
associated with a negative eigenvalue of the adjacency matrix of the
digraph. Likewise, we analyse the possible scope of using eigenvalue
zero for the same purpose. The results obtained in the directed case

can also be applied to graphs.

Mathematics Subject Classifications: 05C69, 05C20, 05C50.
Keywords: adjacency matrix, graph, digraph, dominating set, edge-
identifying code, eigenvalues, eigenvectors, identifying code, line digraph,

separating set, spectra, 1-factor



CONTENTS

Abstract
1 INTRODUCTION
1.1 Preliminaries . . . ... ... ... ... ... ...
1.2 (t,< ¢)-identifying codes in digraphs . . . . . . ... ..
1.3 Structure of the thesis . . . . . . ... ... ... ....
2 BASIC DEFINITIONS
2.1 Digraphs. . . . .. ...
2.2 Graphs. . . .. ..
3 STRUCTURAL PROPERTIES ON IDENTIFYING CODES
3.1 Upperboundsfor? . ... ... ... ... ........
3.2 Necessary conditions . . . . ... ... ... ...
3.3 Sufficient conditions . . . ... ... ...
3.4 r-in-regular digraphs . . . . . . ... .00
3.4.1 1l-in-regular and 2-in-regular digraphs . . . . ..
4 IDENTIFYING CODES IN LINE DIGRAPHS
4.1 Preliminaries . . . . . .. ... ... L.
4.2 Characterisation . . . . . .. .. .. ... ..
4.3 Arc-identifying codes . . . . .. ...
4.3.1 Arc-identifying codes in oriented graphs . . . . .
5 SPECTRAL RESULTS ON IDENTIFYING CODES
5.1 Preliminaries . . ... ... . ... ... ..
5.2 Sufficient conditions . . . . .. ... ...
5.3 Algebraic upper bound for ¢ . . . . . .. ... ... ...
6 CONCLUSIONS
Bibliography
List of Figures

List of Notation

67
67
68
72
81

91
94



CONTENTS vi

Index of Definitions 96



INTRODUCTION

In the last hundred years, Graph Theory has gained more attention
from researches due, among other reasons, to its beauty and multiple
applications in several areas such as computer science, biology, social
science, and chemistry. In this work, we focus on the study of (1, < ¢)-
identifying codes in digraphs, which is a generalisation of the concept of
identifying codes, first introduced for graphs by Karpovsky, Chakrabarty,
and Levitin [44].

In the first part of this introduction, we give a few definitions
regarding identifying codes together with some previous results needed
in this work. In Section 1.2, we give a summary of the previously
existing literature regarding identifying codes in digraphs and describe
the contribution of the work presented in this thesis. In Section 1.3, we

explain the structure of this thesis.

1.1 PRELIMINARIES

Since the introduction of identifying codes in graphs, motivated by
solving fault diagnosis problems in multiprocessor systems, this concept
has been widely studied partly due to its role in modelling different
situations, such as emergency sensor networks in facilities (see e.g.
Ray, Ungrangsi, Pellegrini, et al. [54]), routing in networks (see e.g.
Laifenfeld, Trachtenberg, Cohen, et al. [49]), and analysis of secondary
RNA structures (see e.g. Haynes, Knisley, Seier, et al. [41]). Let us
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explain in a simple way how the modelling of the fault diagnosis in
multiprocessor systems works based on [14, 44]. The purpose of fault
diagnosis is to test the system and locate exactly where the problem
of the network is, that is, to locate the fault processors. The idea is to
select some processors (constituting the code) to carry out a diagnosis.
A processor belonging to the code, called codeword, tests itself and all
the processors linked to it. Whenever a codeword detects a fault, it
sends an alarm signal. It is expected, for a good diagnosis, that once
some alarms are activated, to be able to determine where exactly the
fault is.

Given a multiprocessor system, we can associate it with a graph
G = (V,E) such that V represents the processors and E the links
between the processors. If there is just one fault at the time, we
will need an identifying code to determine where exactly the fault
is once some alarms are activated. If there can be at most k fault
processors at the time, then we will need what is called a (1,< k)-
identifying code. In the literature a large and rapidly growing number
of papers related to identifying codes in graphs, can be found (see, e.g.,
(2, 3,4, 8,12, 20, 21, 22, 23, 33, 35, 38, 40, 44, 45, 50, 52]). Moreover, an
online bibliography, constantly updated, on topics regarding identifying
codes and some other related concepts is maintained by Lobstein [48].

Given a digraph D, let d(u,v) denote the distance from u to v in D,
that is, the length of any shortest directed path from vertex u to vertex v,
if v is reachable from wu, and d(u,v) = oo otherwise. For any vertex v €
V(D) and any integer ¢ > 0, define B, (v) = {u € V(D) | d(u,v) <t}
and B, (v) = {u € V(D) | d(v,u) < t}. We call B; (v) and B;" (v) the
in- and out-ball of radius ¢ centred at v, respectively. Analogously, we
have the following for graphs. Let G be a graph and let d(u,v) denote
the number of edges in any shortest path between v and v, then for any
vertex v € V(G) we define By(v) = {u € V(D) | d(u,v) < t}, called
the ball of radius r centred at v. We denote with |X| the cardinality of
the set X.
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Definition 1.1.1. Let D be a digraph. Given two integers t,£ > 1,
a vertex set C C V(D) is a (t,< {)-identifying code in D if for all
distinct subsets X, Y C V(D), with |X|,|Y| < ¢, we have

B/ (X)nC =+ B (Y)nC. (1)

Given a digraph D, a dominating set is a subset of vertices S C V(D)
such that all the vertices of V(D) \ S are dominated by a vertex of S,
that is, if NT[S] = V(D).

Notice that, if C' is a (¢, < £)-identifying code in D, then X = ()
satisfies | X| < £ and N~ [X]|NC = (), therefore, C' is a dominating
set. As we mentioned before, in this thesis we focus on the study of
(1, < ¢)-identifying codes in digraphs. Observe that for t = 1, B; (v) is
simply the closed in-neighbourhood of v. Hence, in particular we have

the following definition.

Definition 1.1.2. Let D be a digraph and ¢ > 1 an integer. A vertex
set C C V(D) is a (1, < £)-identifying code in D if C' for all distinct
subsets X, Y C V(D), with | X|,|Y| < ¢, we have

N-[X]nC # N-[Y]nC. (2)

An identifying code is known as an identifying code. The definition of
identifying code for graphs introduced by Karpovsky, Chakrabarty, and
Levitin [44], is obtained by taking ¢ = 1 and omitting the superscript
sign minus in the neighbourhoods in (2). Hence, an identifying code
of a (di)graph is a dominating set such that any two vertices of the
graph have distinct closed (in-)neighbourhoods within this set. Honkala,
Laihonen, and Ranto [39, 47] generalised the notion of identifying codes

in graphs to be able to identify not just vertices but also sets of vertices.

This generalisation is obtained by exchanging B, by B; in (1). Thus,
the definition of (¢,< ¢)-identifying codes in digraphs is a natural
extension of the concept of (¢, < ¢)-identifying code in graphs. Not all
graphs admit (1, < ¢)-identifying codes. For instance, Laihonen [45]

pointed out that a graph containing an isolated edge cannot admit a

3



1.2 (¢t,<{)-IDENTIFYING CODES IN DIGRAPHS

(1, < 1)-identifying code, because clearly, if uv € E(G) is isolated, then
Nu] = {u,v} = N[v]. In fact, a graph containing an isolated complete
bipartite graph K, 4, with r < d, cannot admit a (1, < d)-identifying
code. Regarding digraphs, we also have that not all digraphs admit
(1, < ¢)-identifying codes.

1.2 (t,< {)-IDENTIFYING CODES IN DIGRAPHS

The model explained in the previous section regarding fault diagnosis
in multiprocessors systems can be considered for modelling some other
situations. For instance, it can be used to model situations where the
link relation is not necessarily symmetric, for example, a hierarchical
system in a social network. This gives rise to consider modelling the net-
work with digraphs. Identifying codes in digraphs have not been much
studied, unlike the case for graphs. Charon, Gravier, Hudry, and Lob-
stein [15] extended the concept of (¢, < 1)-identifying codes from graphs
to digraphs and proved that the decision problem of the existence of a
(t, < 1)-identifying code of size at most k is N P-complete for any ¢ > 1,
even when restricted to strongly connected, directed, asymmetric, bipar-
tite graphs or to directed asymmetric, bipartite graphs without directed
cycles. A few years later, Charon, Gravier, Hudry, et al., [16] gave a
linear algorithm to find a minimum identifying code in oriented trees. N.
S. V. Rao [52] proposed a model to the alarm placement problem using
directed graphs. Following this line, Xu and Xiao [60] introduced an al-
ternative definition of identifying codes for digraphs by considering what
they call the to-set of a vertex, which is, for each vertex u, the set of all
vertices reachable from u. Skaggs studied identifying codes in oriented
graphs in his PhD thesis [57] under the name differentiating-domination
set. About identifying codes, he focused on the minimum value of an
identifying number among all the orientations of some special graphs.
Foucaud, Naserasr, and Parreau [28] characterised extremal digraphs

for identifying codes. In Section 4.3, we show their characterisation.
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Considering an alternative definition of the identifying code in terms of
its closed out-neighbourhood, Cohen and Havent [13] gave some bounds
for the minimum size of an identifying code, in their meaning, over all
orientations of a graph. Coupechoux, Moncel, and Touati [18] stud-
ied (¢, < 1)-identifying codes in tournaments. More recently, Boutin,
Goliber, and Pelto [10] dealt (¢, < 1)-identifying codes on directed de
Bruijn graphs. With our work presented in this thesis, we contribute
to this line of research by focusing on the study of (1, < £)-identifying
codes in digraphs varying the parameter ¢ since, as we realised, there
was no previous work on it.

We begin by pointing out that if C'is a (1, < ¢)-identifying code in
a digraph D, then the whole set of vertices V also is. Thus, we have

the following straightforward observation.

Lemma 1.2.1. A digraph D = (V, A) admits some (1, < {)-identifying
code if and only if for all distinct subsets X, Y CV with |X|,|Y| < ¢,
we have

N™[X]#N"[Y]. (3)

Two distinct vertices u and v of D are called twins if N~ [u] = N~ [v],
and called false twins if N~ (u) = N~ (v) but u and v are not adjacent.

Hence, we get the following.

Remark 1.2.1. A digraph D admits an identifying code if and only if

D is twin-free.

In this thesis, we consider only finite digraphs. Another important
concept regarding identifying codes in finite digraphs is the identifying

number.

Definition 1.2.1. Let D be a twin-free digraph. Then, the identifying
number of D, VID(D), is the minimum size among all the identifying

codes of D.
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1.3 STRUCTURE OF THE THESIS

With the intention that this work is as self-contained as possible, in
Chapter 2, we provide the basic definitions used throughout this thesis.
As we mentioned before, the work published by other authors about
(t, < ¢)-identifying codes in digraphs has been focused in the study for
the case where ¢t > 1 and £ = 1. In Chapter 3 we focus on the study when
t =1 and ¢ > 1. Regarding graphs, Laihonen and Ranto [47] proved
that, if G is a connected graph with at least three vertices admitting
a (1, < £)-identifying code, then the minimum degree is §(G) > ¢. We
provided a similar result or digraphs by giving an upper tight bound
for £. Then, we give some necessary conditions for a digraph to admit a
(1, < ¢)-identifying code, for ¢ reaching the previous bounds or almost,
that is, the bound minus one. Likewise, Theorem 3.3.1 gives sufficient
conditions, by prohibiting some subdigraphs, for a digraph to admit a
(1, < ¢)-identifying code, for ¢ reaching the previous bounds or almost.
As a corollary of this theorem, we extend a result given by Laihonen [45],
regarding k-regular graphs. We finish this chapter by characterising the
k-in-regular digraphs admitting a (1, < ¢)-identifying code for k € {1, 2}
and ¢ € {2,3}.

In Chapter 4, we focus on the study of (1, < ¢)-identifying codes in
line digraphs. We prove that in this case ¢ € {1,2} and characterise
the line digraphs admitting a (1, < ¢)-identifying code for ¢ € {1,2}.
Regarding line graphs, Foucaud, Gravier, Naserasr, Parreau, and Vali-
cov [27] studied identifying codes and Junnila and Laihonen [43] studied
(1, < ¢)-identifying codes for £ > 2. In both papers, they use the edge-
identifying code concept to work with the identifying code in line graphs.
We use the analogy of this notion for digraphs to provide a lower bound
for the identifying number of a line digraph admitting an identifying
code. For this, we characterise the arc-identifying codes in digraphs
in such a way that it also allows us to provide a linear algorithm to

construct identifying codes in oriented graphs with minimum in-degree
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at least two and minimum out-degree at least one. Moreover, with this
algorithm, we compute the exact value of the identifying code of the
line digraph of oriented graphs with minimum degree at least two.

Chapter 5 contains our algebraic results regarding (1, < ¢)-identifying
codes in digraphs. Some of these results are also applied to graphs. In
the first part of this chapter, we combine algebraic graph theory with
our results regarding 2-in-regular digraphs given in Section 3.4.1. As a
result, we give some sufficient algebraic and combinatorial conditions for
a 2-in-regular digraph to admit a (1, < ¢)-identifying code for ¢ € {2, 3}.
In Section 5.3, maintaining our goal of providing upper bounds for £,
we give a new method to obtain an upper bound for ¢ based on the
eigenvalues and eigenvectors of the adjacency matrix of the digraph or
graph.

We conclude this thesis by presenting in Chapter 6 the general
conclusion of this work together with some suggestions for future re-
search. It is important to mention that, in this thesis, we consider
simple digraphs without loops or multiple edges.

The majority of the results presented in this thesis are contained in

the following articles:

e C. Balbuena, C. Dalfé, and B. Martinez-Barona, Sufficient condi-
tions for a digraph to admit a (1, < £)-identifying code, Discuss.

Math. Graph Theory, in press.

e C. Balbuena, C. Dalf6, and B. Martinez-Barona, Characterizing
identifying codes from the spectrum of a graph or digraph, Linear

Algebra Appl., 570 (2019) 138-147.

e C. Balbuena, C. Dalf6, and B. Martinez-Barona, Identifying codes
in line digraphs, Appl. Math. Comput., 383 (2020), in press.



BASIC DEFINITIONS

In this chapter, we introduce the basic notation, concepts and terminol-
ogy used in the thesis. In general, we follow the book by Bang-Jensen
and Gutin [9] for terminology and definitions. Besides, regarding spec-

tral graph theory, we use the notation of Godsil and Royle [32].

2.1 DIGRAPHS

A directed graph (or just digraph) D consists of a non-empty finite set
V(D) of elements called vertices and a finite set A(D) of ordered pairs
of distinct vertices called arcs. For simplicity, in general we will denote
with D = (V, A) the digraph with vertex set V(D) = V and arc set
A(D) = A. The order and size of D is the number of vertices and arcs
in D, respectively. For an arc (u,v), the vertex u is its tail and the
vertex v is its head. We say that an arc is incident to a vertex v if v is
the head or tail of a. We will often denote an arc (z,y) by zy. If (u,v)
is an arc, we also say that u dominates v (v is dominated by u) and
denote it by u — v. A vertex u is adjacent to a vertex v if (u,v) € A.
We say that two different vertices u, v are adjacent if u is adjacent to v
or v is adjacent to u. If both arcs (u,v), (v,u) € A, then we say that
they form a digon. A loop is an arc such that both, its head and its
tail, are the same vertex. We say that two arcs are multiple if they
have the same tail and the same head. A digraph is simple if it has

neither loops nor multiple arcs. A digraph is symmetric if (u,v) € A
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implies (v,u) € A. Therefore, a digon is often called symmetric arc of
D. A digraph is transitive if (u,v), (v,w) € A implies (u,w) € A. An
orientation of a graph G is a digraph obtained from G by replacing
each edge {x,y} € E(G) by either (z,y) or (y,x). A digraph D is said
to be oriented graph if D is the orientation of a graph. Equivalently, a
digraph is oriented if has no digons.

A path in D is a sequence P = (x1,23...,x)) of vertices from D
such that for every 1 < i < k we have (z;—1,x;) € A(D) and z; # x;
forevery 1 < i < j < k. If P = (z1,22...,71) is a path, then its
length is k — 1 and we say that P is a (w1, zg)-path. We say that a
vertex u is reachable from vertex v if there is a (u,v)-path in D. A
directed cycle in D is a sequence C' = (z1, 3. .., 2k, x1) of vertices from
D such that (z1,...,2x) is a path and (zg,x1) € A(D). The length
of a directed cycle C = (x1,22...,2,21) is k. We call a directed
cycle of length k a k-cycle. The girth g of a digraph is the length of a
shortest directed cycle. Hence, an oriented graph has girth g > 3. A
digraph H is a subdigraph of a digraph D if V(H) C V(D), and for
every (u,v) € A(H) we have (u,v) € A(D). If V(H) =V (D), we say
that H is a spanning subdigraph of D. A pair of digraphs D and H are
isomorphic, denoted D = H, if there exists a bijection ¢ : V(D) — V(H)
such that (u,v) € A(D) if and only if (¢(u),p(v)) € A(H).

Let D be a digraph and H a family of digraphs, we say that D is
‘H-free if D does not contain a subdigraph isomorphic to any digraph
in H. If the family has only one element, H = {H}, then we denote it
as H-free.

The out-neighbourhood of a vertex u is N*(u) = {v eV : (u,v) €
A} and the in-neighbourhood of uis N~ (u) = {v € V : (v,u) € A}. The
closed in-neighbourhood of u is N~ [u] = {u} UN~(u). Given a subset
of vertices X CV, let N7 [X]| = Uyex NV [u]. We denote with |X| the
cardinality of the set X. Then, the out-degree of u is d* (u) = [N T (u)|
and its in-degree d~ (u) = [N~ (u)|. We denote by 6% (D) the minimum
out-degree of the vertices in D, that is 67 (D) = min{d" (u) | u € V(D)},
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and by 0~ (D) its minimum in-degree. Analogously, AT (D) and A~ (D)
denote the mazimum out-degree and mazimum in-degree, respectively.
The minimum degree is 6(D) = min{é"(D),é (D)}. A digraph D
is said to be r-in-regular if d~(v) = r for all v € V, and r-regular if
dt(v) =d (v) =rforallveV.

Given a digraph D, and an integer 7 > 1, we denote Vgl-(D) ={ve
V(D) : d*(v) > i}, V5(D) = {v € V(D) : d”(v) > i}, V;"(D) =
{veV(D):d"(v) =i}, V, (D) ={v € V(D) :d (v) = i}, and
5 (D) = min{dp(u) | u € V4(D)}.

Given a digraph D and a set of vertices X C V(D), we denote
with D — X the subdigraph obtained from D by removing the ver-
tices of X. That is, D — X = (V(D)\ X, A(D) \ {(u,v) € A(D) |
{u,v} N X # (0}). In particular, if X consists of only a vertex, X = {u},
then we denote with D — v the subdigraph D — X.

Given two sets S, T we denote with SAT the symmetric difference
that is, SAT = (S\T)U(T\ S). We say that two digraphs are disjoint
if they does not have common vertices. Given two disjoint digraphs
Dy and D, that is, two digraphs such that V(D;) NV (Dz2) = 0, the
disjoint union of Dy and D, denoted D; & Do is the digraph with
vertex set V(D7) UV (Dg) and arc set A(Dq) U A(Ds).

2.2 GRAPHS

An undirected graph (or a graph) G = (V, E) consists of a non-empty
finite set V' = V(G) of elements called vertices and a finite set E =
E(G) of unordered pairs of distinct vertices called edges. An edge
{u,v} € E(G) is denoted in short by wv. It will be clear from the
context when we are refereeing to a an arc instead of an edge and vice
versa. A graph H is a subgraph of graph G if V(H) C V(G), and for
every {u,v} € E(H) we have {u,v} € E(G). If every edge of E(G)
with both vertices in V(H) is in E(H), we say that H is an induced

subgraph of G. A path in G is a sequence P = (1,2 ..., x)) of vertices

10
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from G such that for every 1 < i < k we have {x;_1,z;} € E(G) and
x; # v for every 1 < ¢ < j < k. If such a path exists we say that
there is a path between x; and xp. A graph G is connected if for
any two vertices u,v € V(G), there is a path between u and v. A
connected component of a graph G is a maximal induced subgraph of G
which is connected. A cycle in G is a sequence C = (x1, 22 ..., Tk, T1)
of vertices from G such that {z;,z;11} € E(G) for every 1 < i < k
and {zy, 21} € E(G). The length of the cycle C = (z1,z2..., 2%, 21)
is k. The girth g of a graph is the length of a shortest cycle. The
neighbourhood of a vertex u is N(u) = {v € V : wv € E}. The closed
neighbourhood of u is N[u] = {u} U N~ (u). Given a vertex subset
X CV,let N[ X| = Uyex Nu]. The degree of u is d(u) = |N(u)|. The
minimum degree of G is 6(D) = min{d(u) | v € V(G)}. A graph G
is said to be r-regular if d(v) = r for all v € V. A dominating set is
a subset of vertices S C V such that N[S] = V. Observe that every
graph G with vertex set V and edge set £ can be seen as a symmetric
digraph denoted by 8, replacing each edge uv € E by the digon (u,v)
and (v,u). Likewise, every digraph D has an associated graph G, known
as the underlying graph of D, which consist of replacing each arc (u,v)
in D by the edge {u,v}.

A graph is bipartite if its vertex set can be partitioned into two
subsets X and Y so that every edge has one end in X and one end in
Y. If G is a bipartite graph, with partition X and Y such that every
vertex in X is adjacent to every vertex in Y, then G is called complete
bipartite graph. We denote by K, ;4 the complete bipartite graph with
partitions of cardinality r and d, respectively. The complete graph on n
vertices, denoted K, is the graph having the set of all pairs of vertices
as its edge set. A special family of oriented graphs is the family of
tournaments. A tournament of order n is an orientation of the complete

graph K, of order.

11



STRUCTURAL PROPERTIES ON IDENTIFYING
CODES

This chapter consists mainly of the results contained in [5]. Nevertheless,
there are some essential differences, which will be described below. In
the first section of this chapter, we focus on the question of given a
digraph D how large can £ be in such a way that D admits a (1, < £)-
identifying code. In other words, we give some upper bounds for £.
We also provide some results to justify why we focus on digraphs with
minimum in-degree at least 1. The last two results of this section are
contained in [6], but since these are results regarding general digraphs
and not just line digraphs, we decided to place them in this chapter. In
Section 3.2, we give some necessary conditions for a digraph to admit a
(1, < ¢)-identifying code. These results are not contained in any of our
three published papers.

Regarding the content of Section 3.3, let us first explain what is
behind one of the differences between our work in [5] and the one
contained in this chapter. In [5], we prove that if D is a digraph
admitting a (1, < ¢)-identifying code, then ¢ < min{d~(u) +1 | u €
V(D) and d*(u) > 1} (Corollary 5 in [5]). We also give some sufficient
conditions for a digraph of minimum in-degree at least 1 to admit a (1, <
¢)-identifying code for £ € {67,8~ + 1} (Theorem 8 in [5]). Nevertheless,
after working further on this topic, we realised that Theorem 8 could
be improved. First, we notice that since 6~ (D) can be arbitrarily

smaller than 6~ (D) = min{d~(u) | v € V(D) and d*(u) > 1}, we
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could implement some conditions over Theorem 8 to guarantee that D
admits an (1, < ¢)-identifying code with ¢ € {6~ (D), 5~ (D) 4 1}, which
we do in Theorem 3.3.1. The idea of the proof of Theorem 3.3.1 is very
similar to the one of Theorem 8 [5]. Hence, in Section 3.4, we give some
sufficient conditions for a digraph with 6~ (D) > 1 to admit a (1, < ¢)-
identifying code for £ = §=(D),5~ (D) + 1. Furthermore, there is
another improvement of Theorem 8 (ii), (7ii), and (iv) [5]. For instance,
in Theorem 8 (i73) [5], we forbid 9 digraphs to guarantee the existence of
a (1, < 6 (D))-identifying code, while in Theorem 3.3.1 (i), we forbid
6 digraphs to guarantee the existence of a (1, < §~(D))-identifying
code. In Theorem 3.3.1 (iv), we forbid 9 digraphs as subdigraphs to
guarantee that the digraph admits a (1, < = (D) 4+ 1)-identifying code
instead of 11, which is the case in Theorem 8 (iv) [5]. Moreover, as a
corollary of Theorem 3.3.1, we obtain Theorem 3.3.2. The last section
of this chapter corresponds to Section 3 in [5]. In this section, we prove
that every l-in-regular digraph has a (1, < 2)-identifying code if and
only if the girth of the digraph is at least 5. We also characterise all the
2-in-regular digraphs admitting a (1, < ¢)-identifying code for ¢ = 2, 3.

3.1 UPPER BOUNDS FOR /

As already mentioned in the introduction, Laihonen and Ranto [47]
proved that if G is a connected graph with at least three vertices
admitting a (1, < ¢)-identifying code, then the minimum degree is

§(G) > £. We present the following similar result for digraphs.

Proposition 3.1.1. Let D be a digraph admitting a (1, < ¢)-identifying
code and u a vertex such that d*(u) > 1. Then, £ < d~(u) + 1.

Furthermore, if u belongs to a digon, then £ < d~(u).

Proof. Let u € VS (D) and v € N* (u). Then, both sets X = N~ (u) U
{u,v} and Y = N~ (u) U{v} have the same closed in-neighbourhood.
Consequently, £ < d~(u) + 1. Furthermore, if v € N~ (u), then X' =

13



3.1 UPPER BOUNDS FOR /

N~ (u) U{u} and Y' = N~ (u) have the same closed in-neighbourhood
implying that £ < d~(u). m]

Recall that we denote 6~ (D) = min{dp,(u) | u € V& (D)}. Hence,

we have the following direct consequence of the above proposition.

Corollary 3.1.1. Let D be a digraph admitting a (1, < £)-identifying
code. Then,
(<6 (D)+1.

Moreover, if £ = 6= (D) + 1, then any vertex u with d~(u) = 8~ does

not lay on a digon.

Observe that by Corollary 3.1.1, we know that if D is a digraph
admitting a (1, < ¢)-identifying code, then £ < §=(D) + 1, but £ could
be strictly larger than 6~ (D) if §7(D) = 0, as we show with the

following result.

Proposition 3.1.2. Let D be a digraph with minimum in-degree §— (D) >
2 admitting a (1, < £)-identifying code and let B with 1 < < §~ (D)
be an integer. Then, there is a digraph D' with minimum in-degree
6~ (D') = B and minimum out-degree §*(D') = 0, admitting a (1,< £)-

identifying code and having D as an induced subdigraph.

Proof. Take two different vertices v and w such that v € V(D) and
w ¢ V(D). Let {ui,ug,...,ug}t € Np(u) be a set of g different in-
neighbours of u in D. Consider the digraph D’ with vertex set V(D) U
{w} and arc set A(D') = A(D)U{(u;,w)| 1 <i < p}. It is clear that
D is an induced subdigraph of D’ and that the minimum in-degree and
out-degree of D" are 6~ (D’) = 3 and §*(D’) = 0, respectively. Then,

for any subset of vertices U C V(D’) we have

N5[U] if we U,
NpUl =19 {w,...,us,w} if U = {w}
NL[UN\Aw} U{ut,...,ug,w} if weUand U\ {w}#0.
(4)
Now, we prove that D’ admits a (1, < ¢)-identifying code reasoning

by contradiction. Suppose D admits a (1, < ¢)-identifying code, but

14
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D’ does not. Let X,Y C V(D') be two different subsets such that
1 <|Y| <|X| <{and N, [X] = N, [Y]. By (4), since D admits
a (1, < ¢)-identifying code and w ¢ V (D), it follows that w € X NY.
Observe that this implies ¢ > 2. Let X’ = X \ {w} and Y/ =Y \ {w}.

Then, we get

N [X] = Np [ X' U{us, ..., ug, w}

=Ny Y U{w,...,ug,w} = Np[Y].

Hence, if Y’ = 0 (and, then, ¥ = {w}), we have N, [Y] =
{u1,...,ug,w}, implying that N, [X’] C {ui,...,us}. Observe that
since § < 07 (D), it follows that u ¢ X’. Hence, in D we have
Np[X'U{u}] = Nplu], a contradiction with the fact that D ad-
mits a (1, < ¢)-identifying code. Therefore, |Y'| > 1. Now, since
Np[X'] # Np[Y'], it follows that Ny[X'|ANL[Y'] C {ui,...,ug}.
Consider the following two sets of vertices of D, X = X’ U {u} and
Y = Y'U{u}, then 2 < |Y| < |X| < £ and N5[X] = Np[Y], a
contradiction. This completes the proof.

O

Hence, in particular, if D is a digraph with minimum in-degree
6~ (D) > 2 admitting a (1,< 67 (D) + 1)-identifying code and § an
integer such that 1 < 8 < ¢~ (D) — 1, then there is a digraph D’ with
6§~ (D) = Band 67 (D’) = 0 admitting a (1, < £)-identifying code, with
(=6 (D)+1>p+1.

Recall that a digraph is weakly connected if its underlying graph is
connected. Let D be a digraph, and Dy, ..., D, its weakly connected
components. Then, for every integer i € {1,...,r} and any X C V(D;),
we have N, [X] NV (D;) = Np, [X] = Np[X] and, for any U C V(D),
we have N, [U] = Uj_; N, [UNV(D;)]. Hence, the following result
holds.

Proposition 3.1.3. A digraph D admits a (1, < £)-identifying code if
and only if any weakly connected component of D admits a (1,< £)-

identifying code.

15
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As a consequence of Proposition 3.1.1 and Proposition 3.1.3, we get

the following result regarding digraphs with minimum in-degree 0.
Corollary 3.1.2. Let D be a digraph with 6~ (D) = 0. Then,

o if there is v € V(D) such that d~(v) =0 and d*(v) > 1, then if
D admits a (1, < {)-identifying code, then £ =1,

e otherwise, D admits a (1,< E)—identifying code if and only if
D —Vy (D) admits a (1, < £)-identifying code.

Our goal in this chapter is to establish sufficient conditions for a
digraph to admit a (1, < £)-identifying code with ¢ as large as possible.
Hence, by the above corollary, we consider only digraphs with minimum
in-degree at least one. Furthermore, suppose D is a digraph with
minimum in-degree 0, then, with the following result, we show that the
identifying number of D is upper bounded by the sum of the identifying
number of D — V" (D) and the cardinality of V; (D).

Proposition 3.1.4. Let D be a digraph with minimum in-degree 6~ = 0
and C" an identifying code of D — Vy (D). Then, C'" UV, (D) is an

identifying code of D.

Proof. Let C' be an identifying code of D' = D — V(D) and C = C'U
Vo (D). To prove that C' is an identifying code of D, let u,v € V(D) be
two vertices such that N~ [u] = N~ [v]. By hypothesis, C'NV; (D) = 0,

then

Nl = (Nl NC) U] N )
— (NN U RN

= N7 [v].

Hence, N~ [u]NC" = N~ [v]NC" and N~ [u]|NVy = N~ [v]NV, . This
implies that if u € Vj~, then also v € Vj, otherwise N~ [u] NC" = {)
and N~ [v]NC" # 0, a contradiction. Hence, there are two cases to
be considered. If u,v € Vi, then N~ [u|NVy = N [ul = N~ [v] =
N~[w]NVy, implying u = v. If u,v € V(D) \ Vj, then Ny, [u]|NC" =

16
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N-ulnC"= N~[v]NnC" = N, [v] N C’, implying that u = v because

(' is an identifying code of D’. This completes the proof. m]

Corollary 3.1.3. Let D be a digraph with minimum in-degree 6~ = 0.
Then,
FP(D) < FP(D = Vy (D)) +|Vy (D)]-

We finish this section with another upper bound for ¢ that will be
used in Chapter 3.

Lemma 3.1.1. Let D be a digraph admitting a (1, < £)-identifying code.
If there are two different vertices x,y € V(D) such that d*(y) > 1,
then ¢ < d~(y) — [N~ (z) NN~ (y)| + 3. Moreover, if x € N*(y), then
t<d™(y) = IN"(x)NN~(y)| +2.

Proof. Let x,y be two distinct vertices satisfying the hypothesis of
the lemma, and let w € Nt (y). First, assume that w # z. Consider
the set X = (N (y) \ N~ (z)) U{w,z,y}. Since y € N~ (w) and
w € X —y, we can check that N~ [y] C N~[X — y|, which implies that
N7[X]=N"[X —y]. Then, ¢ < |X|<d (y)—|N"(x)NN~(y)| + 3.
Finally, if w = z, repeating the same reasoning, we obtain that ¢ <

| X| <d (y) —|N~(z) NN~ (y)| + 2. This completes the proof. o

Corollary 3.1.4. Let D be a digraph admitting a (1, < £)-identifying
code. If there are two different vertices x,y € V(D) such that d*(y) > 1
and N~ (y) C N~ (x), then ¢ < 2.

As a consequence, for any twin-free digraph with minimum degree
§ > 1 admitting a (1, < £)-identifying code, if D contains two false twin

vertices, then ¢ < 2.

3.2 SOME NECESSARY CONDITIONS FOR A DIGRAPH TO AD-

MIT A (1,<{¢)-IDENTIFYING CODE

We recall that a transitive tournament of three vertices is denoted by

TTs, see Figure 1. Observe that if D is a digraph with two twin vertices,

17



3.2 NECESSARY CONDITIONS

say u and v, of in-degree at least 2, then D contains a T7T5. Moreover,

we have the following result.

1715

Figure 1. A transitive tournament on 3 vertices.

Proposition 3.2.1. Let D be a digraph. If there is a verter x with
dt(z) > 1 and d=(x) = 6= (D), and it has an in-neighbour v € N~ (x)
such that x and u lay in a TTs, then D does not admit a (1,< 6 +1)-

identifying code.

Proof. Let x and u be as the hypothesis of the proposition. Observe
that, by Corollary 3.1.1, we can assume x does not lay on a digon. Let
v € V(D) such that D[{z,u,v}] = TT3, then uv € A(D), and there are
two cases to be considered: when x € N~ (v) and when v € N~ (z). In
the first case, consider the sets of vertices X = {v} U (N~ [z]\ {u}) and
Y = X \ {z}, then N™[X]| = N~[Y] implying that D does not admit a
(1,< 6~ (D) + 1)-identifying code. Now suppose that v € N~ (z). Let
y € Nt (x) and consider the sets of vertices X = (N~ [z] \ {u}) U {y}
and Y = X \ {z}, then N~[X] = N~[Y] implying that D does not
admit a (1, < §~(D) + 1)-identifying code. i

Let us construct from two disjoint digraphs admitting a (1, < ¢)-
identifying code and with minimum degree at least 1, a digraph D
admitting a (1, < ¢)-identifying code and containing a TT3. The idea is

to show the necessity of the conditions in Proposition 3.2.1.

Proposition 3.2.2. Let Dy and Do be two disjoint digraphs with min-
imum degree at least 1 and admitting a (1, < £)-identifying code. Then,
there is a digraph D admitting a (1, < £)-identifying code and containing
Dy, Da, and TT5 as subdigraphs.

18
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Proof. Let w € V(D;) and z,2’ € V(D3) such that zz’ € A(D).
Consider the digraph D consisting of V(D) = V(D;) UV (D3) and
A(D) = A(Dy1) UA(Dy) U{uz,uz'}.

We denote by V; = V(D;) for i € {1,2}. Observe that for all
w € V(D) we have:

N_l[w] if we s,
N~ [w] = ¢ Np, [w] if weVa\{z 2},
Np, [w]U{u} if we{z2}.

Hence, for each set W C V(D) we get:

- Np, [WNVIJUNp [WnVa]U{u} if {z,2}nW #0,
NT[W] =
Np, [WNViJUNp, [W NV otherwise.
5)
We prove that D admits a (1, < £)-identifying code by contradiction.
Let X,Y C V(D) be two different sets such that 1 < |X|,|Y], < ¢ and
N7 X]=N7[Y]. Let X; = XNV;and Y; = Y NV, for i € {1,2}.
By (5), it follows that (X UY)N{z,2'} # 0. Otherwise, Np, [X;] =
Np, Y] and 1 < |X;|,|Yi| < ¢, implying since Dy and D2 admit a
(1, < ¢)-identifying code, that X =Y, a contradiction. Without loss
of generality, suppose that X N {z,2'} # (), then X N{z,2'} C Np, [Y2],
implying that Y2 # (). Hence, 1 < |Xa|, [Ya| < £and Np, [Xo] = Np,_ [Ya]
(by (5)). Then, by the hypothesis, Xo = Y5, implying X; # Y] and that

Np, [Xa]Ufu} = Np, V1] U {u}.

Moreover, 1 < |X1],|Y1| < ¢, since X3 = Yo # (). Then, Np [Xi] #
Np, [Y1], implying that Np [X1]ANp [Yi] = {u}. Thus, Ny [X3 U
{u}] = Np [Y1 U {u}]. Hence, by the hypothesis, X1 U {u} = Y1 U {u}.
Without loss of generality, let us assume that Y7 = X3 U{u}. Let
w € Nt (u)\ X1, which exists since u ¢ N~ [X;] and 67 (Dy) > 1. Now,
consider the sets Y’ = Y3 U{w} and X’ = X1 U {w}. Then, N, [X'] =
Np [Y'], a contradiction since X" # Y’ and 1 < |X'|,|Y’| < £. This

completes the proof. |

Let us finish this section with a result regarding directed cycles.
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Proposition 3.2.3. Let D be a digraph and C' = (vi,va,...,v4,01) be
a directed q-cycle of D, with q > 2.

1. If ¢ € {2,3} and there is at most one vertex v; € V(C') such that
N7 [v;]\V(C) # 0, then D does not admit a (1,< 2)-identifying

code.
2. Ifq>4 and N~V (C)] = V(C), then

e D does not admit a (1, < k)-identifying code if ¢ = 2k.

e D does not admit a (1,< k + 1)-identifying code if q¢ =
2k +1.

Proof. 1. Without loss of generality, suppose that N~ [v;] C V(C) for
any ¢ # 1. Then, N~ [{v1}] = Nv1]U{v1,v2} = N~ [{v1,v2}] if ¢ = 2,
and N~ [{v1,v2}] = {v1,v2,v3 UN"[v1] = N~ [{v1,v3}] if ¢ = 3. In
both cases, we get that D does not admit a (1, < 2)-identifying code.
2. Consider the sets Ec = {v; € C | i is an even number} and
Oc = {v; € C'| iis an odd number}. Then, if ¢ = 2k for some k > 2,
we have N™[E¢] = V(C) = N~ [O¢], implying that D does not admit
a (1, < k)-identifying code. Analogously, if ¢ = 2k + 1 for some k > 2,
then N~ [Ec U {v,}] = V(C) = N~ [O¢], hence, D does not admit a
(1, < k + 1)-identifying code. i

3.3 SOME SUFFICIENT CONDITIONS FOR A DIGRAPH TO AD-

MIT A (1,</{)-IDENTIFYING CODE

We point out the following remark, which will be useful in the proof of

the main result of this section.

Remark 3.3.1. Let D be a TTs-free digraph. Then, for every arc (z,y)
of D, we have N~ (z) NN~ (y) =0 and N"(z) " N*(y) = 0.
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P : Fy j F3 i F4Q
F@ F(Q F7Q Fs@

Figure 2. All the forbidden subdigraphs of Theorem 3.3.1.

We denote with F the family of digraphs Fj- F3 of Figure 2. For
the next theorem, we made reference to the different cases Fij-Fg of

Figure 2 without mentioning the figure.

Theorem 3.3.1. Let D be a twin-free and TTs-free digraph with
5=(D) > 1.

N

(i) If 6~ > 2 and D is Fy-free, then D admits a (1,< 6~ —1)-

identifying code.

(i1) If the vertices of in-degree 6~ does not lay on a digon and D is

Fy-free, then D admits a (1,< 6~ )-identifying code.

(iii) If D is {F\, Fy, Fs, Fy, Fg}-free, then D admits a (1, < §~)-identifying

code.

(iv) Suppose that 5~ > 2 and the vertices of in-degree 6~ do not lay on
a digon. If D is F-free, then D admits a (1,< 6~ + 1)-identifying

code.

(v) Suppose that 6~ =1 and the vertices of in-degree 1 do not lay on
directed cycles of length less than five. If D is {Fy, F3, Fy, F5, Fg}-
free, then D admits a (1, < 2)-identifying code.

Proof. By Remark 1.2.1, D admits a (1, < 1)-identifying code because
D is twin-free.

We start considering that D is Fi-free, which is the case in the cases
from (i) to (iv). We reason by contradiction, that is, assuming that D

does not admit a (1, < £)-identifying code with ¢ € {6~ —1,6=,6~ + 1}.
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Then, there are two different subsets X and Y with 1 < |Y| < |X| </

such that N™[X] =N"[Y]. Let x € X \Y and N~ (z) = {v1,...,0:}.

Since x € N™[X] = N™[Y], there is y € Y such that y € N*(z), then
d*(z) # 0 implying d~(z) =7 > 6~. As N~ (z) C N~[X] = N~[Y],
for all v;, with i € {1,...,7}, there exists a vertex y; € Y such that
y; € NT(v;) or y; = v; € Y (See Figure 3). Moreover, for any two

x

- Yy

(% Yi

Yi

Figure 3. The three cases of the elements of Y.

different indices 1 <7 < j < 7, we have y; # y;, otherwise D contains a

TT3ifv; € Y and v; ¢ Y, or a Fy if v;,v; ¢ Y. Therefore,
ST <Y< |X|=0<6 +1,

implying that |Y| = 6~ if y ¢ N~ (z), and |Y| = §~ + 1, otherwise.
Hence, if there are two different sets of vertices with the same closed
in-neighbourhood, its cardinality is at least 6~ and the proof of (i) is
completed. Moreover, in cases (ii) and (iii), since £ = §—, we have that
y € N~(z) and 7 = §~, which is a contradiction in case (7). Thus, the

proof of (ii) is completed.

Case 1 Case 2 Case 3
N @) Nn(Y\X) N (@nX N (z)\(XUY)
X @ x x @
(o)
Uy () Ui Ui Vi Vi
O W; Yi
Zi = Ww; Zi = Yi
(a) (o) (a)
Z; Z;
(b) (b)

Figure 4. All the cases in the proof of (iii) and (iv) of Theorem 3.3.1.
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Next, to prove (iii), we have Y = {y1,¥2,...,y;-} and we show

that |X| > §~ + 1. To do that, let us see that, for each v; € N~ (x),
one can associate to it a vertex z; € X \ {z} in such a way that z; # z;
for all i # j. Notice that (iii) is true if §~ = 1, so we may assume that
5~ > 2. Consider the following partition of N~ (z): N~ (z) N (Y \ X),
N~ (z)NX,and N~ (z)\ (X UY). We have the following cases (see
Figure 4):
Case 1: v; € N~ (z) N (Y \ X). Since §~ > 2, there is w; € N~ (v;) \
{z} C N7[Y]\ {2} = N7[X]\ {z}. Hence: If w; € X, then z; = w;
and z; # z; and if w; ¢ X, since w; € N7[Y]| = N~[X], there exists
2z; € X such that z; € NT (w;). In this case, we may assume that z; # x,
because D is TT5-free.

Case 2: v; € N~ (z) N X. Then, z; = v; and z; # .

Case 3: v; e N~ (z)\ (XUY) C N [X]\(XUY)=N"[Y]\(XUY).

If y; € X, then z; = y;, and y; # « because x € X \ Y. If y; € Y\ X,
then there exists z; € X such that z; € NT(y;). Observe that z; is
different from z, because D is TT3-free.

Before showing that all the z; are different, let us notice we have
proved d~(z) = 6~ and that, for any y € NT(z)NY, we have y €
N~ (z) by assuming 2 € X \'Y and £ = §~. Hence, in case (iii) for every
vertex 3 € Y \ X, we have d~(y') = 6~ and, for all 2’ € N*(3/) N X,
we get 2/ € N~ (/). Using this, we can add to the three cases showed

in Figure 4 the corresponding digons, as is shown in Figure 5.

Case 1 Case 2 Case 3
N~ (z)n(Y\ X) N (z)nX N7 (z)\ (X UY)
T T T T T
Vi Vi I Vi Vs Ch
Zi = W; Zi = Yq
(a) (a)
Zi Z;
(b) (b)

Figure 5. All the cases in the proof of (iii) of Theorem 3.3.1.
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Now we prove that all z; are different. For this, let 7,57 € {1,...,7}
such that ¢ # j. If v;,v; € N~ (z)N (Y \ X) and z; = z;, then (see
Figure 5 Case 1) it could be w; = z; = z; = w; € X (see Figure 6 (a)),
and D would contain the subdigraph F}, contradicting the hypothesis of
(t47). It could be z; = z; = w; € X and w;j ¢ X (see Figure 6 (b)), then
D would contain the subdigraphs Fj, a contradiction. Finally, it could
be w;,wj ¢ X, z; = zj and z € NT(w;) N NT(w,) (see Figure 6 (c)),
then D would contain the subdigraph F%, a contradiction. Therefore,
all the z; are different in Case 1.

@ x x
Vi = Yi Vi =Yj

v = Yi vj = Yj
v = Yi vj = Yj

zi = zj Zi = 25

(a) (b) ()

Figure 6. The three cases for z; and z; if v;,v; € N™(2) N (Y \ X).

If v;,v; € N~ (z) N X, it is clear that z; # z; in Case 2. If v;,v; €
N7 (z)\ (XUY) and z; = z; (see Figure 5 Case 3), then since we
already know all y; are different it could be z; = y; € X, and D would
contain the subdigraph F5 (see Figure 7 (a)), a contradiction. Hence,
vi,y; € Y\ X and D would contain the subdigraph F» (see Figure 7
(b)), a contradiction. Therefore, all the z; are different in Case 3.

X X
V4 Vj Vi Uj

Yi Yj
zZ; = Z]'

(a) (b)

Figure 7. The three cases for z; and z; if v;,v; € N~ (2) \ (X UY).

It remains to prove that, for all ¢, j € {1,..., 7}, with i # j, z; # 2,
when v; and v; are in different partite subsets of the considered partition

of N~ (z). Thus, if z; = z; for some i # j, with v; € N~ ()N (Y \ X)
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and v; € N~ (2) N X (see Figure 5 Cases 1 and 2), then D would contain
one of the subdigraphs TT5 or F», a contradiction (see Figure 8).

x x

Vi =Y Zi = Zj

Vi =Yi R = Zj
w;

(a) (b)
Figure 8. The two cases for z; and z; if v; € N~ ()N (Y \ X) and
vje N“(z)NnX.

Ifv, e N (z)N(Y\X) and v; € N~ (2) \ (X UY) (see Figure 5
Cases 1 and 3), then D would contain one of the subdigraphs F», F5 or
Fg, a contradiction (see Figure 9).

x x x x

Vi = Yi Vj
w; Y

==Y

Figure 9. The four cases for z; and z; if v; € N=(z) N (Y \ X) and
vj € N (z)\ (XUY).

Finally, if v; € N~ (z) N X and v; € N~ (z) \ (X UY) (see Figure 5
Cases 2 and 3), then D would contain one of the subdigraphs 773 or
Fy (see Figure 10).

Figure 10. The two cases for z; and z; if v; € N~ (z)NX and v; €
N7 (z)\ (XUY).

In any case, we get a contradiction. Then, we can conclude that X

has at least 6~ + 1 vertices, and the proof of (iii) is completed.
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To prove (iv), we assume ¢ = 6~ + 1. In this case, 6~ +1 >
d=(z) > 6~ and we do not necessarily have the digons between x
and the vertices v; € Y\ X. Nevertheless, reasoning as before, we
show that all the vertices z; € X \ {z} associated with each vertex
v; € N~ (z), as we defined before, are different using the added fact
that D does not contain any subdigraph as F3, Fy, nor Fg. First, let

Case 1
N—(z)n (Y \ X) The three cases for the elements of Y

x X X X

v; I Ujgéy i

Vi =Yy Yy
w;
Yj
2

(b)

Figure 11. All the cases in the proof of (iv) of Theorem 3.3.1.

us show that, for each v; € N=(z) N (Y \ X), there is z; € (X \ {z})
such that z; € N~ (v;), that is, Case 1 (b) is not possible. Suppose
the opposite, and let v; € N~ (z) N (Y \ X) in Case 1 (b). Notice that
zi ¢ XNY (see Figure 11), because if z; = y; for some j # i, then D
would contain a Fy if v; = y; (see Figure 12 (a)) or D would contain
a F5 if y; € N*(v;) (see Figure 12 (b)), and if z; = y, then D would

contain a Fj3 (see Figure 12 (c)). In any case, we reach a contradiction.

x x X

U; Zi = Uy vi Y % Y V; Zi =Y
w; w; i = Yj w;
(a) (b) (c)

Figure 12. The three cases for v; € N~ ()N (Y \ X) and z; € N~ (v;) N
(X NY) in the proof of Theorem 3.3.1 (iv).

Hence, z; € N~ (y;) for some j or z; € N~ (y). If z; € N~ (y;), then
D would contain Fy if v; = y; (see Figure 13 (a)), or D would contain

Fy if y; € N7 (vj) (see Figure 13 (b)). If z; € N~ (y), then D would
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contain Fy (see Figure 13 (c)). In any case, we reach a contradiction,
therefore there is no such v;.

x X x

;i v =Y v v €Y oy y

wW; 2 P Wi Zi
(a) (b) (c)
Figure 13. The three cases for v; € N~ ()N (Y \ X) and z; € N~ (v;) N

(X \Y) in the proof of Theorem 3.3.1 (iv).

Now let us see that all z; are different in case (iv). For this, let ¢, 5 €
{1,...,7} besuch that i # j. If v; € N~ (z) N (Y \ X) (see Figure 4 Case
1 (a)) and z; = z;j, there are four possibilities depending on the partite of
N~ (z) to which v; belongs to. If v; € N~ (z) N (Y \ X), then D would
contain the subdigraph F5 (see Figure 14 (a)); if v; € N~ () N X, then
D would contain a T'T3 (see Figure 14 (b)); if v; € N~ (z) \ (X UY),
then D would contain a F3 or a Fg (see Figure 14 (¢) and (d)). In any
case, we reach a contradiction. Therefore, z; # z; if at least one of v;

and v; belongs to Case 1.

A v v K @ N
v = v = y;
P ! v Vi Zi = Zj = )
Zi = Zj Zi = zj i =% Y
(a) (b) (c)

(d)

Figure 14. The four cases for v; € N~ (z) N (Y \ X) and z; = z; with
i # j in the proof of Theorem 3.3.1 (iv).

If v; € N~ (z) N X (see Figure 4 Case 2), there are two cases to
be considered: v; € N™(z)NX and v; € N~ (z)\ (XUY). Ifv; €
N~ (z)N X, it is clear that z; # z; in Case 2. If v; € N~ (z) \ (X UY)

(see Figure 4 Case 3), then D would contain a 773 or a F3 (see Figure 15).

In any case, we reach a contradiction. Therefore, z; # z; if at least one

of v; and v; belongs to Case 2.
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Yi = 2 = 2j = Vj
Yi
(a) (b)

Figure 15. The two remaining cases for v; € N~ (z) N X and z = z;

with ¢ # j in the proof of Theorem 3.3.1 (iv).

Finally, if v;,v; € N7 () \ (X UY) and z; = z;, then D would
contain a Fy or a F; (see Figure 16), a contradiction. Therefore, all the
z; are different in Case 3.

T Zz

Vi Uj

(a) (b)
Figure 16. The two cases for v;,v; € N~ () \ (X UY) and z; = z; with
i # j in the proof of Theorem 3.3.1 (iv).

Therefore, all z; are different, implying that X = {z1,..., 2, 2},
and 7 = §~. Hence, by the hypothesis, 2 does not belong to a digon,
for instance y ¢ N~ (z), that is, y # y; for any 1 < i < §~. Hence,
Y = {y1,y2,- -, Y5, y}-

Now, let us show that y € Y N X. For this, suppose the opposite,
that is, y € Y\ X. Then, d (y) = 4~. Since §~ > 2, there is
z€ N~ (y) \ {z}. Let us show that z ¢ X. Otherwise, suppose z € X,

then z = z; for some j = 1,...,0~. By Remark 3.3.1, v; ¢ N~ () N X.

If v; € N~ (z) N (Y \ X), then D would contain F3 (see Figure 17 (a));
and if v; € N~ (z)\ (X UY), then D would contain F; or Fy (see
Figure 17 (b)). Therefore, z ¢ X.
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Figure 17. The three cases for y € Y\ X and z € N~ (y) N (X \ {z})

in the proof of (iv).

Hence, z € N~ (z;) for some i € {1,...,6"}. If ; € N~ (z) N (Y \
X), then D would contain Fg (see Figure 18 (a)); if v; € N~ (z) N X,
then D would contain F3 (see Figure 18 (b)); and if v; € N~ (x) \ (X U

Y'), then D would contain F5 or Fy (see Figure 18 (¢)), a contradiction.

1 Vi = 2
z 2 v V=4 . z Yj
z z Zj
) (c)

Zj
(a) (b (d)

Figure 18. The four cases for y € Y\ X and z € N~ (y) N N~ (2;) for

some i € {1,...,8} in the proof of (iv).

This implies that y € X NY, as we claimed. So, y = z; for some
j€{1,...,67}. Notice that v; € N~ (x) N (Y \ X), otherwise 2 would

be contained in a digon, or D would contain a 7173, a contradiction.

Then, reasoning for v; as for z, we obtain that every t € Nt (v;) N X
satisfies that ¢ € X NY. However, z € N*(v;) N X, but = ¢ Y, which
is a contradiction, and the proof of (iv) is complete.

To prove (v) we assume that 6~ = 1 and | X| = 2. Observe that, by
Remark 3.3.1 and since there are no vertices of in-degree 1 laying on a

digon, the following claim holds.
Claim 3.3.1. Let (u,v) € A(D). Then, there isw € N~ (u)\ N~ [v].

First, observe that if |Y| = 1, say Y = {y}, then z € N~ (y) and
by Claim 3.3.1, there is w € N~ (x) \ N~ [y], implying that N~ [X] #
N~[Y], a contradiction. Then, Y| = |X| = 2.
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Let X ={z,2'},z € X\Y,and Y = {y,y'} withy € N*(z). Let
us prove that the arc (z,y) is not on a digon. Otherwise, suppose that
(z,y), (y,z) € A(D). By Claim 3.3.1, there exist w,z € V(D) such
that z € N7 () \ N~ [y], and w € N~ (y) \ N~ [z]. Hence, z € N~ [/]
and w € N™[2/]. If 2 ¢ Y, then z # ¢/ and 2 € N~ (y'). Moreover,
since D is TTs-free, y € N~ [2/] ¢ N7[X]. If 2/ = ¢/, then w # 2’
because D is free of Fy, hence, w € N~ ('), implying that D would
contain Fj, therefore, 2’ # ¢’ (and so ¢y € Y \ X). Moreover, we
can assume that w ¢ {y',2'}, otherwise D would contain Fy or Fj.
Thus, w € N~ (2’) implying that D would contain Fg, a contradiction.
Hence, y' = z, therefore, Y = {y, z}, and analogously 2’ = w, that is,
X = {z,w}. By Claim 3.3.1 and because N~ [Y] = N~ [X], there is
we (N~(y)\ N~ [z]) N N~ [2'], then D would contain F; if u = 2’ or
Fy if u € N~ (2'). Therefore, the arc (z,y) is not on a digon.

Suppose that X NY # (). Taking into account that N~ [Y] = N~ [X],
by Claim 3.3.1, there is w € N~ (z) \ N~ [y] and then w € N~ [¢/]. First,
assume that X NY = {y'}, that is 2/ = y/. Since N~[Y] = N~ [X],
we have y € N~ (a') because (x,y) is not on a digon. If w = ¢/,
then (xyx’x) is a 3-cycle in D and, by the hypothesis, there is u €
N~ (z)\ {«'}. By Remark 3.3.1, u¢ N~ (y) UN"(2'), a contradiction.
Then, w # 3/, implying that D would contain F3, a contradiction.
Second, assume that X NY = {y}, that is 2’ = y. If w = ¢/, there
isw" € N~ (y')\ N [z] by Claim 3.3.1. Then, w’ € N~ (y) implying
that D would contain a Fj3, a contradiction. Thus, w # 3’ and w €
N~=(y'), and since y’ € N~ (z) UN"(y), D would contain a TT3 or Fj,
a contradiction.

Therefore, X NY = (. Then, y € N~ (2’), and since y € Y \ X,
reasoning for y as for x, the arc (y, ') is not lying on a digon. Then,
' € N~ (y') and, similarly, 4/ € N~ (z). By the hypothesis, there are
no vertices of in-degree 1 lying on a 4-cycle, implying that there is z €
N~ (z)\{¥'}, but by Remark 3.3.1, N~ (z) N (N~ (y) UN—(v/)) = 0.
Hence, N~ [X] # N™[Y], a contradiction. This completes the proof. O
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Regarding identifying codes in graphs, Laihonen [45] proved the
following result.
Theorem 3.3.2. [/5] Let k > 2 be an integer.

1. If a k-regular graph has girth g > 7, then it admits a (1,< k)-

identifying code.

2. If a k-regular graph has girth g > 5, then it admits a (1, < k—1)-

identifying code.

If for each graph G, we consider its corresponding symmetric digraph

<~
G. Then, we obtain the following corollary from Theorem 3.3.1.

Corollary 3.3.1. Let G be a graph of girth g and minimum degree
0>2.

1. If g > 7, then G admits a (1,< §)-identifying code.
2. If g > 5, then G admits a (1,< 6 — 1)-identifying code.

Observe that Theorem 3.3.2 by Laihonen is a consequence of Corol-

lary 3.3.1.

3.4 7r-IN-REGULAR DIGRAPHS

In this section, we point out two general results about in-regular digraphs
regarding identifying codes. Besides, we give a characterisation of
the r-in-regular digraphs admitting a (1, < r)-identifying code and a
(1, < r 4 1)-identifying code for r € {1,2}.

Proposition 3.4.1. Let D be an r-in-reqular digraph admitting a (1, <
r + 1)-identifying code. Then,

(i) D is an oriented graph,
(i1) D is TTs-free, and

(iii) for every vertex u € VS, (D) and every vertex v € V(D) \ {u}, we
have IN~(u) "N~ (v)| < 1.
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Proof. (i) and (ii) are a direct consequence of Lemma 3.1.1 and Propo-
sition 3.2.1, respectively. We prove (iii) by contrapositive. Let D be an
r-in-regular digraph. Suppose that there is a vertex u € Vgl(D) and
a vertex v € V(D) \ {u} such that [N~ (u) NN~ (v)| = k > 2. Then,
vg N~ (u). Let z € N*(u), N~ (u) NN~ (v) = {wy,ws, ..., wx}, and
N (u)\ N~ (v) = {u1,...,up—}. Thus, X = {u,v,z,u1,...,u_g}
and Y = X \ {u} are two different sets such that N~[X] = N[Y],
with | X| <r—k+3 < r+ 1. Therefore, D does not admit a (1, < r+1)-

identifying code. This completes the proof. |

Lemma 3.4.1. Let D be an r-in-regular oriented TT3-free graph, not

containing Fy of Figure 2 as subdigraph. Then,
r <max{q | D admits a (1, < q)-identifying code} < r+ 1.

Proof. Let ¢ = max{q | D admits a (1, < ¢)-identifying code}. Ob-
serve that D is twin-free, and so D admits an identifying code, since
it is oriented. By Proposition 3.1.1, we have that £ < r + 1. And, by

Theorem 3.3.1 (ii), we have that £ > r. This completes the proof. O

3.4.1  I-in-regular and 2-in-regular digraphs

We start by giving a characterisation of 1-in-regular digraphs admitting
a (1, < 2)-identifying code. Observe that every 1-in-regular digraph D

admits an identifying code if and only if D does not contain digons.

Theorem 3.4.1. Fvery I-in-reqular digraph D admits a (1,< 2)-
identifying code if and only if the girth of D is at least 5.

Proof. By Proposition 3.2.3, we have that if D admits a (1,< 2)-
identifying code, then its girth is at least 5. Conversely, suppose that
the girth of D is at least 5. Since D is 1-in-regular, it follows that D
does not contain any subdigraph isomorphic to 1775, Fy, F3, Fy, F5 nor
F3 of Figure 2. Then, by Theorem 3.3.1, D admits a (1, < 2)-identifying

code. This completes the proof. O
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The following result gives a complete characterisation of all 2-in-

regular digraphs admitting an identifying code or a (1, < 2)-identifying

code.
Y’ Y
éy ’ ' T '
z Y z =y =y o =y
Hy H, Hj Hy
Yy Y Y
/ ' = y/ /
x Y z y x
y/ z g Z/, 2! Y z 2=y
H5 He. H? H8 HQ
! z!
Y z vy r @ y
Y Y x' Y '
T Y
Hip Hyy Hyo His

Figure 19. The forbidden subdigraphs in a 2-in-regular digraph admit-
ting a (1, < 2)-identifying code.

We denote with H the family of digraphs Hi- His of Figure 19.
Theorem 3.4.2. Let D be a 2-in-reqular digraph.
(1) D admits an identifying code if and only if it is Hy-free.
(i1) D admits a (1, < 2)-identifying code if and only if it is H-free.

Proof. In what follows, for brevity, we made reference to the different
cases Hi-Hqs of Figure 19 without mentioning the figure. First, note
that any digraph with twin vertices and minimum in-degree at least 2,
necessarily contains H;. Hence, the proof of (i) follows from Remark
1.2.1, because the vertices x,y of Hy are twins. To prove (ii), first

let X = {z,2'} (or X = {z}) and Y = {y,y'}. It is direct to check

that N~[X] = N~[Y] in each one of the digraphs shown in Figure 19.

For the converse, we assume that D does not contain any subdigraph
isomorphic to the digraphs depicted in Figure 19, and N~ [X] = N~[Y]
for X # Y such that 1 < |Y] < |X] < 2. According to (i), |X| = 2,
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consequently, 3 < |[N~[X]| < 6. Notice that if |Y| = 1, then |[IN~[Y]| =
3, and so |[N~[X]| = 3 yielding that D contains H;. Therefore, we
assume that |[Y| = |X| = 2. Let X = {z,2'} and Y = {y,y'} with
r€X\Y. Let N~ (z) = {v1,v2} and y € Y such that y € N*(x). As
we did in the proof of Theorem 3.3.1, we consider the different cases
according to the partition of N~ (z): N~ ()N (Y \ X), N~ (z)NX and
N~ (z)\ (XUY).

Case 1: Suppose that v1,v3 € Y\ X. Let y = v1 and ¢’ = vg and observe
that, in this case, 2/ ¢ Y. As D is Hy-free and Hs-free, (N~ (y) \ {z}) N
N~[y] = 0 and there is no arc between 3’ and N~ (y) \ {z}. Let
we N (y)\{z} and ' € N=(¢/) \ {z}, then w,w’ € N~[2/].

Subcase 1.1: Suppose that {w,w'} N {2’} = 0. Hence, N~ (z') =
{w,w'}. Since 2’ € N™[Y], it follows that 2’ € N~ (y) implying that
D would contain Hi3, a contradiction.

Subcase 1.2: Suppose that 2’ = w. Hence, w' € N~ (). If there
isze N7 () \ (XUY U{w'}), then 2 € N~ (), implying that D
would contain Hi, a contradiction. Therefore, N™[X] = X UY U{w'},
implying that N~ (z2') = {w',z} or N~ (2') = {w’,y}. First, suppose
that N~ (2/) = {w',z}. If 2 € N~ (¢), then D would contain Hs; and
if y € N=(y'), then D would contain Hy, a contradiction. Therefore,
N~ (2') = {w',y}. If 2 € N~ ('), then D would contain Hg; and if
y € N~ (y'), then D would contain Hj, a contradiction.

Subcase 1.3: Supposse that 2/ = w’. Hence, w € N~ (/). If there is
z€ N~ (2/)\ (XUY U{w'}), then z € N~ ('), implying that D would
contain Hyg, a contradiction. Therefore, N~ [X] = X UY U{w'}. Hence,
N~ (') = {w,z} or N~ (2') = {w,y}. First suppose that N~ (z') =
{w,z}. If x € N~ (y), then D contains Hy; and if y € N~ (y'), then D
would contain Hy, a contradiction. Therefore, N~ (z') = {w,y}. Hence,
if z € N~ ('), then D would contain Hy; and if y € N~ (y/), then D
would contain H7, a contradiction.

Case 2: Suppose that vi,v2 € X. Since |X| = 2, this case is not

possible.
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Case 3: Suppose that v, v2 ¢ (X UY'). Sincex € N~ (y), then [N~ (y) N
{v1,v2}| < 1 implying that {vi,v2} NN~ (y') # 0. Without loss of
generality, suppose that v € N~ (y/).

Subcase 3.1: If y € Y\ X, then y € N~ (2/). If y/ € X NY, that

is, ¥ = 2/, then v € N~ (y), implying that D would contain Hy.

If y € Y\ X, then N~ (2/) = {y,v'} and 2/ € N~ (y) UN~(¢/). If
2’ € N~ (y), then vo € N~ (y'), implying that D would contain Hjg.
And, if 2/ € N~ (y'), then vo € N~ (y), implying that D would contain
Hys.

Subcase 3.2: If y € X NY that is, 2’ = y, then y € N~ (y) and
v1,v2 € N~ ('), hence D would contain Hy, a contradiction. Therefore,
the proof of Case 3 is finished.

Case 4: Suppose that v; € Y\ X and vo € X, that is, v = 2.
Observe that if v; € NT(z), since D is Hi-free, there is w € V(D) \ X
such that w € N~ (v1) € N~7[Y]. Thus, w € N~ (2/), implying that
D would contain Hs, a contradiction. Then, v; ¢ Nt (x) and so,
vi =9y and y € N~ (2/). If 2/ € N*(x), then N~ [X] = {z,2',y,vy'},
yielding that y € N~ ('), contradicting that D is Hs-free. Therefore,
N*t(z)n{y,2'} =0, and recall that y € N~ (z’). Moreover, reasoning
for y as for z in Case 1, we get that 2/ ¢ N~ (y). Moreover, if ¢’ €
N~(y), then D would contain Hs, a contradiction. Therefore, there
iswe N (y)\ (XUY). Hence, w € N~ (2'), implying that D would
contain Hs, a contradiction.

Case 5: Suppose that v; € Y\ X and vy ¢ (X UY).

Subcase 5.1: Suppose that v; € N*(z), then, we can assume that
v1 = y. Since D is Hy-free, v € N~ (y') and there is w € V(D) \ {z, v}
such that N~ (y) = {x,w}. Observe that since D is Hs-free, vy ¢
N~ (w), then w # 3. Moreover, since D is Hg-free, w ¢ N~ (y'). Hence,
w € N~ [2/], implying that 2’ # 3. Observe that reasoning for y as
for z in Case 1, we get that w # 2/. Then, w € N~ (2’) and, since
2,y € N7[X] = N~[Y], it follows that 2’ € N~ (y') and y € N~ (a/),

therefore D would contain Hi1, a contradiction.
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Subcase 5.2: Suppose that v; ¢ N (z), then v; = 3 and y €
N~[2]. First, suppose that y = 2/. If N~ (y) € X U{vs}, then
N~ (y') = {2/,v2} implying that D would contain Hs. Hence, there
iswe N (y)\ (X U{vz}). Then, w € N~ (2/) and vo € N~ (v/),
implying that D would contain Hy, a contradiction. Therefore, y # 2/,
implying that y € N~ (2’). Reasoning for y as for z in Case 1 and
Case 4, it follows that N~ (y) N {2’,y'} = 0. Then, 2’ € N~ ().
Moreover, since v2 € N~ (z), v € N~ (y) UN~(y’). Also, reasoning
for 2" as for z in Case 1 and Case 4, it follows that N~ () N {z,y'} =
(. Hence, if v5 € N~ (y) NN~ (y'), then N7[Y] = X UY U{va},
implying that vo € N~ (2’). Then, D would contain Hg, a contradiction.
If v € N~ (y')\ N~ (y), then there is z € N~ (y) \ (X UY U{va}),
implying that N~ (2’) = {y, 2} and D would contain Hjs. Analogously,
if vo € N~ (y) \ N~ (¥'). And the proof of this case is completed.

Case 6: Suppose that v; € X and vy ¢ (X UY). That is, v; = 2/. If
z' € X\Y, then y € N~ (2/). Since y € Y \ X, reasoning for =’ as for
z in Cases 1, 4, and 5, we reach a contradiction. Hence, 2’ € X NY.
If 2/ =y, then ¢ € N~ (2') and v2 € N~ (y/), implying that D would
contain Hs. Therefore, 2’ # y and, hence, y € Y\ X. Since x € N~ (y),

reasoning for y as for « in Cases 1, 4, and 5, we reach a contradiction. O

Corollary 3.4.1. Every TT5-free 2-in-reqular oriented graph admits a
(1, < 2)-identifying code if and only if it does not contain any subdigraph
isomorphic to Hg of Figure 19.

Observe that Corollary 3.4.1 is an improvement of Theorem 3.3.1
(74) for 2-in-regular oriented graphs. Now, the TTs-free and 2-in-
regular oriented graph can have two distinct vertices u, v with [N~ (u) N
N~ (v)| = 2, that is, a subdigraph Fj of Figure 2, but, in this case,
there is no vertex w € V such that u,v € N~ (w).

In the following theorem, we characterise the 2-in-regular digraphs
admitting a (1, < 3)-identifying code.

We denote with J the family of digraphs Ji-Ji5 of Figure 20.
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T2 = Y2

Y1 Y2 T2 T2 T
Y1
1 =1y Ys T3 =1Y3 T3 =1Ys3 T3 = Y3
J1 Jo J3 J4 Js
T2 = Y2 1 =MW T1 =Y T2 =1Y2 3 =1Ys3
x1 Z2 Y2 Y
Y2
Y1 Y2
T3 =y3 T3 = Y3 553—93 563—y3 n=mn
JG J7 JIO
T2 = Y2 T3 = Y3 T
T1 a1 Y1 b
zs3
Zy
Y3
T3 =1Y3 T2 = Y2 ?JS T3 Y2 T2
Ji J12 J15

Figure 20. All the forbidden subdigraphs of Theorem 3.4.3.

Theorem 3.4.3. Let D be a 2-in-reqular digraph. Then, D has a
(1, < 3)-identifying code if and only if it is {{TT5} U J }-free oriented

graph.

Proof. By Proposition 3.1.1 and Proposition 3.2.1, if D contains a
digon or a T'T3, then D does not admit a (1, < 3)-identifying code. Fur-
thermore, for every digraph shown in Figure 20, let X = {z1, 22, 23}
(or X = {z1,22}) and Y = {y1,y2,y3}. It is direct to check that
N~[X] = N7[Y] in each case. To the converse, we reason by contra-
diction. Let D be a TT3-free oriented graph without the subdigraphs
of Figure 20. Let X,Y C V(D), X # Y, with N7[X]| = N~[Y] and
such that 1 < |X| < |Y| < 3. Since D does not contain a subdigraph
isomorphic to J; of Figure 20, then it does not contain a subdigraph
Hy of Figure 19. By Corollary 3.4.1, D admits a (1, < 2)-identifying
code. Hence, Y| =3, IN[Y]| > 6, and |X| > 2. In what follows, for
brevity, we always make reference to the different cases Ji-J15 of Figure

20 without mentioning the figure. Let us prove the following claim.
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Claim 3.4.1. Leta,b € V(D), witha # b, be such that N~ (a) C N~ [b].
Then, N~ (a) = N~ (b) and N*(a) = N*(b) = 0.

Proof. If b € N~ (a), then D contains a T'T3, which is a contradiction.
Hence, N~ (a) = N~ (b) and N*(a) = N*(b) = () because, otherwise,

D would contain Jj. m]

Suppose X = {z1,z2}, then |[N7[X]| = 6 (because N~ [X] =
N7[Y])and N~ [z1]N N~ [xe] = 0. Let N~ (z1) = {u,v} and N~ (z2) =
{z,t}, so that N™[X] = {x1,x2,u,v, 2, t} = N~[Y]. Without loss of
generality, we may assume that u € Y. Since D has neither digon nor
TTs;, N~ (u) € N~ [x2], which implies by Claim 3.4.1 that N~ (u) =
N~ (z2) and N (u) = 0, a contradiction. Therefore, |X| = [Y| = 3.

Let us denote X = {x1, z2,23}. We prove the following claims.

Claim 3.4.2. Let a,b,c € V(D). If N~ [a] € N~[bJUN"|[¢], then
a € {b,c}.

Proof. If a ¢ {b,c}, then, without loss of generality, let us assume
that a € N~ (b). Hence, by Remark 3.3.1, N~ (a) € N~ [c], which
contradicts Claim 3.4.1 because N (a) # 0. m

Claim 3.4.3. N~ (z;) # N~ () for all1 <i< j <3.

Proof. Suppose that N~ (z1) = N~ (x2). Then, N*(z1) = NT(z2) =
0, because D is Ji-free, which implies x1,z2 € Y. Since [N~ [X]| > 6,
there is z € N~ (z3) \ (N~ [z1]UN"[x2]). Because {z3,2} C N [Y],
D must contain a digon if z = y3 € Y, or a TT5 if {z3,2} = N~ (y3),

which is a contradiction. Therefore, N~ (x1) # N~ (x2). i

Claim 3.4.4. If 7 < [N"[X]| <8, N~ (2;) "N~ (z;) = {v}, i # j,
and there are exactly two or no arc between the elements of X, then

|Yﬂ {xi,mj}\ <1.

Proof. We proceed by contradiction. Assume Y = {x1,xz9,y}. First,
suppose that there is no arc between the elements of X. If v € N~ (x1) N
N~ (z2) N N~ (x3), then according to Claim 3.4.3, [N~ [X]| = 7 and
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N~ [z3] € N~ [x1]UN"[y], which contradicts Claim 3.4.2. Hence,
N7 (z1) NN~ (z2) NN~ (z3) = 0. If  N"[X]| =7, let N~ (z1) = {u,v},
N~ (xz9) = {v,z}, and N~ (z3) = {z,w}. Since N~ (v)NN~[X] C
{z3,w}, by Remark 3.3.1, v ¢ Y, and analogously z ¢ Y. Consequently,
N~ [x3] € N~ [x2] UN™ [y], which contradicts Claim 3.4.2. If [N~ [X]| =
8, then N~ (z3) € N~ [y], a contradiction to Claim 3.4.1 because y ¢ X
and so N (y) # 0. Finally assume that there are two arcs among the
elements of X. Notice that, by Remark 3.3.1, both arcs between the
elements of X are incident to x3. Furthermore, since 7 < |[N7[X]| <8
and N~ (z1) N N~ (x2) = {v}, v = x3 and [N~ [X]| = 7, we have
N~ (z3) € N~ [y], a contradiction to Claim 3.4.1. mi

Let N~ (z1) = {u,v}. We distinguish the following cases according
to the number of arcs between the vertices of X.
Case 1: First, let us assume that there are no arcs between the elements
of X.
Subcase 1.1: Suppose [N~ [X]| = 6. Then, N~ [X] = {z1, x2, x3,u, v, 2},
so Claim 3.4.3 implies that [N~ (x;) "N~ (x;)| = 1 for all ¢ # j. Let
N~ (z3) = {v,z}. Observe that v ¢ N~ (x3), otherwise, N~ (x3) =
N~ (x;) for some i € {1,2}, contradicting Claim 3.4.3. Therefore
N~ (xz3) = {u,z}. Let y € Y\ X, then y € {u,v,z}. We can check
that [N~ (y) NN~ [X]| <1 for all y € {u,v, 2}, because D is a TT5-free

oriented graph, which is a contradiction.

Subcase 1.2: Suppose [N~ [X]| = 7. Then, N™[X] = {x1, 2, x3,u,v, z,w}.

By Claim 3.4.3, there are two cases to be considered, namely, [N~ (x1) N
N~ (z2) NN~ (z3)| =1 and [N~ (z1) "N~ (22) NN~ (z3)| = 0.

Subsubcase 1.2.1: If [N~ (21) N N~ (22) N N~ (x3)| = 1, without loss
of generality, N~ (z2) = {v,z} and N~ (z3) = {v,w}. Since D is an
oriented graph and it does not contain 773, N~ (v) NN~ [X] = 0,
which means that v ¢ Y and v € N~ (Y). Since N*(v) N {u,z,w} =0,
it follows that Y N X # (. By Claim 3.4.4, | X NY| = 1. Without
loss of generality, suppose that X NY = {z1}. If Y = {z1, 2w},

then zo € N~ (w) and x3 € N~ (z), implying that D would contain
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Ji. BY = {z1,u,2}, then 9 € N~ (u) and N~ (u) C {z2, 23, w}. If
N~ (u) = {x2,23}, then w € N~ (z) and, hence, D would contain Jg.
If N~ (u) = {x2,w}, then 3 € N~ (z), which implies that D would
contain Js.

Subsubcase 1.2.2: If [N~ (21) N N~ (x2) N N~ (z3)| = 0, without loss
of generality, N~ (z2) = {v, 2} and N~ (z3) = {z,w}. By Claim 3.4.4,
Y N{z1,z2}] < 1 and |Y N{xe,z3}] < 1. Moreover, if {z1,23} C
Y, then since xo € N™[Y], we have {u,w} NY # §); without loss of
generality, let us assume that Y = {x1,z3,u}. Then, 5 € N~ (u)
and N~ (u) C {x9,z3,w}. If N~ (u) = {x2,x3}, then D would contain
Js; and if N~ (u) = {x2,w}, then D would contain Ji9. Therefore,
Y N X| < 1. Suppose that X NY = {x;} and let Y = {x1,y,v'},
then N~ [z3] € N~ [y] U N~ [y], which contradicts Claim 3.4.2. Hence,
XNY # {z1}, and similarly X NY # {x3}. Then, X NY = {z2}.
If v € Y, then there is y € Y \ {z2,v}, such that N~ (y) = {z1,u}
contradicting Remark 3.3.1. Hence, v ¢ Y, and analogously z ¢ Y.
Therefore, Y = {x9,u,w} and, then, x; € N~ (w), implying that
N~ (u) = {z3,22}. Consequently, D would contain Jg. If |Y N X| =0,
by symmetry, we only have to consider the following two cases. If
Y = {u,v,z}, then 9 € N~ (u) and x; € N~ (z), implying that D
would contain Jy. If Y = {u,2,w}, then x3 € N~ (u) implying that
N~ (u) = {x2,z3}, and D would contain Jg.

Subcase 1.3: Suppose | N~ [X]| = 8. Without loss of generality, N~ ()
{v,2}, and N~ (z3) = {t,w}. Observe that v ¢ Y, otherwise, N~ (v) C

N~ [z3] in contradiction to Claim 3.4.1. If Y N X = (), then we can as-
sume that t € Y and v € N~ (¢). Consequently, {u,z} "N~ (¢) = 0, oth-
erwise, D would contain Jq, thus, {z3,w} NN~ (¢) # 0, a contradiction.
Therefore, Y N X # (. If [Y N X| = 2, then by Claim 3.4.4, {x1,23} CY
or {zg,23} CY. If Y = {y,xe,x3}, then N~ [z1] C N~ [z2] UN"[y],
contradicting Claim 3.4.2. Then, Y # {y, 2,23}, and similarly ¥ #
{y,z1,23}. Thus, Y NX|=1. Y = {z1,y,¥'} or Y = {z3,y,9'},
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then N~ [z3] C N~ [y] UN"[¢/] or N~ [x1] € N~ [y] UN"[¢/], respec-
tively, which contradicts Claim 3.4.2.
Subcase 1.4: Suppose |N~[X]| = 9. Hence, the in-neighbourhoods of
the elements of X must be disjoint, and the same is true for Y. Let
N~ (z;) = {u;,v;}, for i = 1,2,3. Observe that if 1 < |X NY]| < 2, then
N~ [z;] C N~ [y]UN~[¢/] for some i € {1,2,3} and y,y’ € Y \ {x;}, in
contradiction to Claim 3.4.2. Therefore, X NY = (). Without loss of
generality, there are two cases to be considered.
Subsubcase 1.4.1: If Y = {uj,vi,us}, then 1 € N~ (uz). If 23 €
N~ (uq), then, without loss of generality, us € N~ (v1) and v3 € N~ (uz);
moreover, 2 € N~ (v1) and v € N~ (uy) or 3 € N~ (u1) and ve €
N~ (v1), implying that D would contain Ji4 or Ji5, respectively. If
xg € N~ (ug), then we may assume that ug € N~ (u1) and vg € N~ (vy),
and so 2 € N~ (u1) and v9 € N~ (v1), implying that D would contain
Ji5.
Subsubcase 1.4.2: Let Y = {uj,ug,us}. Without loss of generality,
suppose x2 € N~ (u1), then by Remark 3.3.1, N~ (u1) \ {z2} C N~ [z3].
Since there is no arc between the elements of Y, there are two cases to
be considered.

1.4.2.1: If N~ (uy) = {x2, 23}, then v3 € N~ (ug) and vy € N~ (u3).
Hence, 1 € N~ (ug) and v1 € N~ (ug), or v1 € N~ (ug) and x1 €
N~ (u3); in any case, D would contain Ji4.

1.4.2.2: If N~ (u1) = {x2,v3}, then 3 € N~ (ug), and va € N~ (u3).
If 21 € N~ (u2), then v; € N~ (u3), implying that D would contain Jy4.
Finally, if 1 € N~ (u3), then v; € N~ (ug), implying that D would
contain Ji3.
Case 2: Suppose there is just one arc between the elements of X, say
(z1,22) € A(D). Then, I[N~ (X)| =16,7,8, and N~ (z1) NN~ (x2) =0
by Remark 3.3.1. Let N~ (z2) = {1, 2z}, and let us distinguish the
following cases.
Subcase 2.1: |[N~[X]|| = 6. Hence, N™[X] = {z1, 22, 23,u,v, 2}, and

by Claim 3.4.3 let us assume, without loss of generality, that N~ (x3) =
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{v, z}. Moreover, since D is an oriented graph and it does not contain Jy,
N=(z)NN~[X] C {u},and N~ (v) NN~ [X] C {z2}, therefore z,v ¢ Y;
hence, u € Y. Since D is a T'T3-free oriented graph, N~ (u) C {x2, 3, z}.
Moreover, by Remark 3.3.1, z ¢ N~ (u). Hence, N~ (u) = {z2, 23},
implying that D would contain Js.

Subcase 2.2: |[N7[X]|| = 7. In this case, there is w € N~ (z3) \
(X U{u,v,z}). By symmetry, N~ (z3) = {z,w} or N~ (z3) = {v,w}.
First, suppose that N~ (z3) = {z,w}. Since D is a TTs-free oriented
graph, if z € Y, then N~ (2) = N~ (z1), which is a contradiction by
Claim 3.4.1. Hence z ¢ Y. Analogously, if w € Y and 29 € N~ (w),
then N~ (w) C {x2,u,v}, implying that D would contain J7; and
if zo ¢ N~ (w), then N~ (w) C N~ [z1], contradicting Claim 3.4.1.
Thus, w ¢ Y. If v € Y, then N~ (v) C (N [z3]U{z2}). Hence, by
Claim 3.4.1, 23 € N~ (v), implying that N~ (v) C {2, x3, w}, but if
N~ (v) = {zg, 23} or N~ (v) = {x2,w}, then D would contain J3 or Jo,
respectively. Therefore, v ¢ Y, and by symmetry, we can also conclude
that u ¢ Y, a contradiction.

Assume now that N~ (z3) = {v, w}. Observe that N~ (v) "N~ [X] C
{z2,2},thenv ¢ Y. Ifu € Y, then N~ (u) C {x2, z3,2,w}, but it could
be neither {z3, 2z} nor {z3, w} (by Remark 3.3.1). If N~ (u) = {z2, 23},
then D would contain Js; if N~ (u) = {2, w}, then D would contain Jy;
if N™(u) = {3, 2z}, then D would contain J7; and if N~ (u) = {z,w},
then D would contain Jijg. Therefore, u ¢ Y. If w € Y, then
N~ (w) C {x1,z2,u,z}. Hence, by Remark 3.3.1 and Claim 3.4.1,
N~ (w) = {u,z} or N~ (w) = {u,z2}, implying that D would con-
tain Jio or Js, respectively. Therefore, w ¢ Y. If z € Y, then
N=(z) € (N [z3)UN~(z1)). Hence, by Claim 3.4.1 and Remark
3.3.1, N~ (2) = {u,w} or N~ (2) = {u,x3}, yielding that D would
contain Ji; or Jg, respectively. Hence, z ¢ Y, a contradiction.
Subcase 2.3: |[N~[X]| = 8. In this case, N~ (z3) = {t,w} for t,w ¢
N~ [z1] U N~ [xg]. First, observe that if Y N{z1, 2} = 0, then, without
loss of generality, t € Y, 1 € N~ (¢), yielding that N~ (¢t) = N~ (z2), a
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contradiction to Claim 3.4.1. Therefore Y N{x1,x2} # 0. Hence, since
N~ [xzg] N (N~ [x1] UN"[xg]) = 0, it follows that N~ [z3] € N~ [y] U
N~[y'], with y,3 € Y, yielding by Claim 3.4.2 that z3 € Y. If 20 ¢ Y,
then Y = {z1,z3,y} and {z2,2} = N~ (y), which is a contradiction
to Remark 3.3.1. Therefore, Y = {2, x3,y}, yielding that N~ (z1) C
N~ [y], contradicting Claim 3.4.2.

Case 3: Suppose there are exactly two arcs between the elements of X.
Then, [N~ [X]| = 6,7. Let us distinguish the following cases.

Subcase 3.1: First, assume that (z1,z2,23) is a path of D. Then,
N~ (x2) "N~ (z3) = N~ (z2) N N~ (z1) = 0 by Remark 3.3.1. Hence,
N~ (z2) = {z,21}.

Subsubcase 3.1.1: |[N7[X]| = 6. Without loss of generality, we may
assume that N~ (x3) = {z2,u}. Observe that if u € Y, then N~ (u) =
{z2, 2}, a contradiction to Remark 3.3.1, and then u ¢ Y. If v € Y,
then o ¢ N~ (v) again by Remark 3.3.1. Hence, if v € Y, then
N~ (v) = {x3, 2}, ylelding that D would contain J;. Therefore, z € Y
and |[Y N X| = 2. By Remark 3.3.1 and Claim 3.4.1, N~ (z) = {z3,v},
implying that D would contain Js.

Subsubcase 3.1.2: |[N~[X]| = 7. Then, N~ (z3) = {z2,w} for some
we¢ N [x1]UN [z2]. fw e Y, then N~ (w) C (N~ [z1]U{z}) and,
by Claim 3.4.1 and Remark 3.3.1, z € N~ (w) and N~ (w) C {u,v, z}.
This implies that D would contain Jg. Therefore, w ¢ Y. If z € Y,
then N~ (z) € N~ (z1) U{z3,w}. Hence, by Claim 3.4.1 and Remark
3.3.1, without loss of generality, N~ (z) = {v,w} or N~ (2) = {v, z3},

implying that D would contain Jg or Ja, respectively. Therefore, z ¢ Y.

IfueY, then N~ (u) C N [z3]U{z}. By Claim 3.4.1 and Remark
3.3.1, N~ (u) = {z,23} or N~ (u) = {z,w}, yielding that D would
contain Jy or Js, respectively. Therefore, u ¢ Y and, by symmetry,
v¢ Y, hence, Y\ X = (), a contradiction.

Subcase 3.2: Let us assume that N~ (z2) = {x1,23}. If IN7[X]| =6,
then, without loss of generality, suppose that N~ (x3) = {v, z}. Observe
that v ¢ Y, otherwise, N~ (v) = {z2}. If z € Y, then N~ (z) C
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{z1,22,u} and, by Remark 3.3.1, N~ (z) = {z2,u}, yielding that
D would contain J3. Hence, z ¢ Y, and reasoning similarly, u ¢ Y,
a contradiction. If [N7[X]| = 7, then N~ (x3) = {z,w} for some
w ¢ {x1,z9,x3,u,v,2}. fu €Y, then N~ (u) C N~ [x3] U{x2}, and by
Claim 3.4.1 and Remark 3.3.1, 9 € N~ (u) and N~ (u) C {z9,z,w},
implying that D would contain Js. Therefore, v ¢ Y. Analogously,
v,z,w ¢ Y, yielding that Y\ X = (), a contradiction.

Subcase 3.3: Without loss of generality, let us assume that
(z1,22), (x1,23) € A. If INT[X]| = 6, then N~ (x2) = {x1,2} =
N~ (z3), which contradicts Claim 3.4.3. Hence, [N"[X]| = 7. Let
N~ (z2) = {x1,2z} and N~ (z3) = {z1,w}. Observe that we also
may assume that there are exactly two arcs between the elements
of Y, and there is some y € Y satisfying the same as zp, that is,
N*t[y]nY =Y —y. Therefore, if z; € Y, we can assume that
Y = {z1,u,w} and N*(u) NY = {z1,w}. Then, N~ (u) C {x3, 22,2}
and, by Remark 3.3.1, z3 € N~ (u), implying that N~ (u) = {x3, 22}
or N~ (u) = {z3,2} yielding that D would contain Jy or Jy, respec-
tively. Moreover, since N (z1) N N7[X] = {z2,z3}, it follows that
Y N{xe,z3} # 0. Furthermore, by Claim 3.4.4, |Y N{zy, 23} = 1.
Without loss of generality, suppose Y N X = {x2}.

IfY = {x2,2,u}, thenu € NT(z), yielding that N~ (z) C {v, z3,w}.
By Remark 3.3.1, N~ (2) = {v,w} or N~ (2) = {v,z3}, implying that
D would contain J5 or Jy, respectively. If Y = {xz9, z,w}, then z €
N~ (w) and x3 € N~ (z). Thus, without loss of generality, u € N~ (z)
yielding that D would contain J3. Therefore, z ¢ Y. If Y = {x9,u, v},
then, without loss of generality, z3 € N~ (u) and w € N~ (v), implying
that D contains Js. Finally, if Y = {29, u,w}, then z3 € N~ (u) and
v € N~ (w), yielding that D would contain Js.

Case 4: Suppose there are three arcs between the elements of X. Hence,
IN~[X]| = 6 and since D is T'Ts-free, we may assume that (xi12x22321)
is a directed triangle. Then, N~ (x;) "N~ (x;) = 0, for all i # j. Let
N~ (z1) = {x2,u}, N~ (x3) = {x3,v} and N~ (x3) = {1, 2}. Notice
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that if z € N~ (u) or v € N~ (u), then D would contain Jo or Js,
respectively. Therefore, since D is a TT3-free oriented graph, N~ (u) N
N~7[X] C {z2} and u ¢ Y. Observe that, by symmetry, we can conclude

the same for v and z, obtaining a contradiction again. O
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IDENTIFYING CODES IN LINE DIGRAPHS

In this chapter, which consists mainly of the results published in [7],
we focus on the study of (1, < £)-identifying codes in line digraphs. It
is organised as follows. In Section 4.1, we present some preliminary
definitions and results needed for the rest of this chapter. In Section 4.2
we prove that a line digraph of minimum in-degree one does not admit
a (1, < £)-identifying code for £ > 3. Then, we give a characterisation
so that a line digraph of a digraph different from a directed cycle of
length 4 and minimum in-degree one admits a (1, < 2)-identifying code.
As a direct consequence, we obtain that a Kautz digraph K(d, k) with
d > 3 admits a (1, < 2)-identifying code. In [27], Foucaud, Gravier,
et al. introduced the notion of edge-identifying code of a graph to
study the identifying codes of line graphs. In Section 4.3, we use
the analogous of this notion for digraphs to establish, for digraphs
without digons with both vertices of in-degree one, that ¥ /P(LD) >
|A(D)| — [VZ1(D)|. As a consequence, we get that a digraph having
a 1-factor with minimum in-degree two and without digons with both
vertices of in-degree two satisfies that 7P (LD) = |A(D)| — |[V(D)|.
We also provide an algorithm to construct identifying codes in oriented
graphs with minimum in-degree at least two and minimum out-degree
at least one. This algorithm allows us to prove that an oriented graph

with minimum in-degree and out-degree at least two satisfies that

F!P(LD) = |A(D)| - [V(D)|.



4.1 PRELIMINARIES

4.1 PRELIMINARIES

Given a digraph D, the line digraph L(D), also denoted LD, is the
digraph with vertex set A(D) and such that for any two different vertices
a,b € V(LD), (a,b) € A(LD) if and only if the head of a coincides with
the tail of b. A directed digraph H is a line digraph if there is a directed
digraph D such that H = L(D). For any integer k > 1, the k-iterated
line digraph L*D is defined recursively by L*D = LL*~'D, where
L°D = D. From the definition, it is evident that the order of LD equals
the size of D, that is, |V(LD)| = |A(D)|. For each vertex v € V (D),
we denote Q™ (v) = {(u,v) € A(D)} and QO (v) = {(v,u) € A(D)}.
Hence, for each vertex v € V(D), the set of arcs QT (v) (or Q™ (v)) in
D corresponds to a set of vertices in LD. Moreover, d*(v) = |QT (v)]
and d~(v) = |Q7 (v)], so if D has minimum degree §, then the iterated
line digraph L*D has minimum degree § as well. Other properties of
line digraphs can be seen in Aigner [1], Fiol, Yebra, and Alegre [26],
and Reddy, Kuhl, Hosseini, and Lee [53].

Line digraphs were characterised by Heuchenne [37] with the follow-

ing property.

Lemma 4.1.1 ([37]). A digraph D is a line digraph if and only if
it has no multiple arcs and, for any pair of vertices u and v, either
N=(u)NN~(v) =0 or N~ (u) = N~ (v). (A similar result is obtained
replacing N~ by N*.)

The following theorem is another useful characterisation of line

digraphs given by Beineke and Zamfirescu [11].

Theorem 4.1.1 ([11]). A (simple) digraph D is a line digraph if and
only if D is TT3-free, the paths of length two are unique, there are no

two digons incident to the same vertex, and if there are two vertices u, v

such that Nt (u) "Nt (v) # 0, then N*(u) = N*(v).

47



4.2 CHARACTERISATION

4.2 A CHARACTERISATION OF LINE DIGRAPHS ADMITTING A

(1, < £)-IDENTIFYING CODE

As mentioned, in this section, we present a characterisation of line
digraphs admitting a (1, < £)-identifying code. First, we consider the

case ¢ = 1 with the following result.

Proposition 4.2.1. Let D be a digraph. Then, its line digraph admits
an identifying code if and only if there is no digon with both vertices of

in-degree 1 in D.

Proof. We know that a digraph F' admits an identifying code if and only
if for any two different vertices x,y € V(F) we have N [z] # Ng[y].
We reason by contraposition. First, let LD be the line digraph of a
digraph, and suppose that LD does not admit an identifying code. This
is equivalent to have two different vertices x,y € V(LD) such that
N~ [z] = N~ [y], which implies that z and y form a digon. By Theorem
4.1.1, LD is TTs-free, and by Remark 3.3.1, N~ (z) NN~ (y) = 0,
yielding that d=(z) = d~(y) = 1. Hence, LD contains a digon with
both vertices of in-degree 1, thus, D contains a digon with both vertices
of in-degree 1. Conversely, suppose that there is a digon uv,vu € A(D)
with d=(u) = d~(v) = 1, then uv,vu € V(LD) form a digon in LD,
and these vertices are twins since N p[uww] = {uv,vu} = N plvul,

implying that LD does not admit an identifying code. |

Corollary 4.2.1. Let D be a digraph with minimum in-degree 6~ > 2.
Then, its line digraph admits an identifying code.

Next, we establish that if a line digraph admits a (1, < ¢)-identifying
code, then ¢ < 2. To this end, we need to prove the following preliminary

result.

Lemma 4.2.1. Let D be a digraph with minimum in-degree 6~ > 2.
Then, there exists a vertex u € V(D) with d* (u) > 2 and such that there

are at least two out-neighbours x,y € Nt (u) such that d* (z),d* (y) > 1.
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Proof. Let D be a digraph with minimum in-degree 6~ > 2, and consider
the subdigraph D' = D —{w € V(D) | d*(w) = 0}. Then, 6~ (D’) > 2.
If df,(u) <2 for all u € V(D'), then we would reach the contradiction:

20V(D < > dpw)= > dhv) <|V(D)
veV (D) veV (D’)

Hence, thereis u € V(D') such that d}, (u) > 2 and therefore, d* (u) > 2.

Since for any v € N, (u) € N*(u) we have d*(v) > 1, the proof is

completed. O

Proposition 4.2.2. Let LD be a line digraph of a digraph D with min-
imum in-degree 6~ > 1, then LD does not admit a (1, < £)-identifying
code for £ > 3.

Proof. Note that 6= (LD) = 6 (D) = ¢6~. If 5~ > 2, by Lemma
4.2.1, there exists a vertex v in LD with d*(v) > 2 and two vertices
z,y € NT(v) such that d™(z),d"(y) > 1. By Lemma 4.1.1, we
have N~ (z) = N~ (y). Hence, by Corollary 3.1.4, if LD admits a
(1, < £)-identifying code, then ¢ < 2, and the result is valid. Suppose
that 6~ = 1. Take a vertex u with d~(u) = 1. If d*(u) > 1, then by
Proposition 3.1.1, we get that £ < 2 and we obtain the result. Therefore
we assume that every vertex with in-degree one has out-degree zero.
Let F be the digraph obtained from LD by removing all the vertices
of in-degree one. Observe that 6~ (F) > 2, then reasoning as in the
first part of the proof, F' does not admit a (1, < 3)-identifying code.
This means that there are two different sets X, Y C F' C V(LD) such
that 1 < |[X| < |Y] < 3 and N5 [X] = Ng[Y]. Since for any vertex
u € V(F), Ng[u] = Ny p[ul, it follows that N; ,[X] = N ,[Y]. Hence,
LD does not admit a (1, < 3)-identifying code. i

Remember that, according to Proposition 3.1.1, if D is a digraph
admitting a (1, < 2)-identifying code, then there is no vertex of in-degree
1 belonging to a digon. In the following result, we give sufficient and
necessary conditions for a line digraph to admit a (1, < 2)-identifying

code. To do that, we use the following result, which follows from the fact
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that, in a line digraph, the paths of length two are unique by Theorem
4.1.1.

Corollary 4.2.2. Let LD be a line digraph. If u,v € V(LD) are two
different vertices such that N*(u) NN (v) # 0, then N~ (u) NN~ (v) =
0.

Figure 21. The forbidden subdigraphs of Theorem 4.2.1 and Corollary
4.2.3, where the vertices of in-degree one are indicated in black colour

and the vertices of in-degree two in grey colour.

Theorem 4.2.1. Let LD be a line digraph with minimum in-degree
0~ > 1, such that the vertices of in-degree 1 (if any) do not lie on a
digon. Then, LD admits a (1, < 2)-identifying code if and only if LD

satisfies the following conditions:

(i) There are no directed 3-cycles with at least 2 vertices of in-degree

1 (see Figure 21 (a)).

(i) There do not exist four vertices z, 2,y and y' such that N~ (x) =
{y,v'}, N~ () = {2'}, and x € N~ (/) NN~ (y) (see Fig-
ure 21 (b)).

(t4i) There do not exist four vertices z,2',y, and y' in V(LD) such
that N~ (z) ={y,y'}, N~ (y) = {z,2’}, and N~ (') "N~ (y') # 0
(see Figure 21 (c)).

(iv) There is no directed 4-cycle with the four vertices of in-degree 1.

Proof. First, suppose that LD admits a (1, < 2)-identifying code and
let us show that LD satisfies all the conditions ()-(iv).

(¢) Suppose that LD does not satisfy (¢). Hence, let (z,y,z,z) be
a directed 3-cycle in LD such that d=(z) =1 = d (y) (see Figure 21
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(a)). Then, N~ [{z,z}] = {x,2} U{y} UN(2) = {y} UN"[z], and
N~ {y, 2z} = {y,2} UN~(2) = {y} U N~ [2], implying that LD does
not admit a (1, < 2)-identifying code, which is a contradiction.

(i) Suppose that LD does not satisfy (i7). Let X = {z,2'} and
Y = {y,y'}, where z,2',y,y" are four different vertices of LD such
that N~ (x) = {y,9'}, N~ () = {2'}, and z € N~ (2/) N N~ (y) (see
Figure 21 (b)). Hence, by Lemma 4.1.1, we get N~ (2') = N~ (y), and
it follows that

N [X]=N (z)UN (2")U{x, 2}
= {w,yUN"(y) U{z,2}
={y.y}UN"(y) U{a'}
={w,yJUN"(Y) UN"(¥)
=N"[Y].
Therefore, LD does not admit a (1, < 2)-identifying code, which is a
contradiction.
(#41) Suppose that LD does not satisfy (7ii). Let X = {x, 2’} and
Y = {y,y'}, where N™(z) = {y,y'}, N~ (y) = {z,2'}, and N~ (2’) N
N=(y') # 0 (see Figure 21 (c)). Since, by Lemma 4.1.1, N~ (2/) =
N~ (y'), it follows that

N [X]=N (z)UN (2")U{x,2}
={y,y}UN"(y)UN"(y)
— N[V,

Therefore, LD does not admit a (1, < 2)-identifying code, which is a
contradiction.

(iv) Suppose that LD does not satisfy (iv). Let (u1,uz,us, uq,u1)
be a 4-cycle of LD such that d~(u;) =1 for all i € {1,2,3,4}. Then,
N~ [{u1,us}] = N~ [{uz2,us}], implying that LD does not admit a
(1, < 2)-identifying code which is a contradiction.

For the converse, suppose that LD satisfies all the conditions ()-
(iv), and that it does not admit a (1,< 2)-identifying code. Let
X,Y C V(LD) be two different subsets such that 1 < |X| < |Y] < 2
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and N™[X] = N~[Y]. Since the vertices of in-degree one do not lie
on a digon, by Proposition 4.2.1, |Y| = 2. If | X| = 1, say X = {z},
then N7[Y] = N7[X]| = N~ [z]. It follows that N~ [y] C N~ (z) for
all y € Y\ X, hence y € N~ (z). By Theorem 4.1.1, LD is TTs-free,
which allows us to apply Remark 3.3.1, so N~ (y) N N~ (z) = (), then
N~ (y) = 0, which contradicts that 6= > 1.

Suppose | X| = 2 and consider two cases according to X NY # ) or
it XNY =0.

(a) Suppose that X NY # 0. Let X = {z,z} and Y = {y,z}. We
will consider two cases, when there is at least one arc between x and v,
and the case when there is no arc between = and y.

(a.1) If there is an arc between z and y, say yx € A(LD), then
by Remark 3.3.1, N~ (z) "N~ (y) = 0. Then, N~ (y) C N~ [z]U{z}
and N~ (x) C N~ [z]U{y}. First, suppose that d~(x) > 2 and let u €
N~ (xz)\{y}. Hence, u € N~ [z]. If u =z, then N~ (z) NN~ (2) =0
by Remark 3.3.1, and N~ (y) NN~ (z) = (. Hence, N~ (z) = {y, 2}
and N~ (y) = {z} (since 6~ (LD) > 1). Then y is a vertex of in-
degree 1 lying on a digon, a contradiction to the hypothesis. Therefore,
u # z, that is, v € N7 (2) N N~ (z) implying, by Lemma 4.1.1, that
N~(z) = N~ (x), hence y € N~ (z), implying that N~ (y) "N~ (z) =0
by Remark 3.3.1. Then N~ (y) C {z, z}. Since 6~ (LD) > 1, it follows
that N~ (y) = {z}, N (y) = {2} or N~ (y) = {z,z}. The first two
cases are not possible because vertices of degree one do not lie on digons,
and the third case is not possible because, by Theorem 4.1.1, LD does
not contain two digons incident to the same vertex. Second, suppose
that d=(z) = 1, then N~ (z) = {y}. Since z € N~[Y] and x does not
lie on a digon, © € N~ (z). Since, 2 ¢ N~ (y), N~ (y) "N~ (z) = 0 by
Lemma 4.1.1, implying that N~ (y) = {z} because N~ (y) C N~ [z].
Therefore, (z,z,y,x) is a directed 3-cycle of LD with two vertices of
in-degree 1, implying that LD does not satisfy (7).

(a.2) Now, suppose that there is no arc between x and y. Since

x € N7[Y] and y € N™[X], it follows that x,y € N~ (z). Since LD is
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TTs-free, y ¢ N~ (), by Remark 3.3.1, N~ () N N~ (z) = 0, and by
Corollary 4.2.2, N~ (x) "N~ (y) = 0 implying that N~ (z) = {z} and
x, z form a digon, a contradiction since there are no vertices of in-degree
1 lying on a digon.

(b) Suppose X NY =0, with X = {z,2'} and Y = {y,y'}. Notice
that we can assume y € N~ (x), that is, yz € A(LD). Then by
Remark 3.3.1, N~ (z) " N~ (y) = 0 implying that N~ (y) C N~ (a/) U
{z,2'}. Since x € N~[Y], there are two cases to be considered.

(b.1) Suppose that x € N~ (y). Then d~(z),d (y) > 2, since
both vertices lie on a digon. If there is u € N~ (y)\ (X UY), then
uw € N~ ('), and by Lemma 4.1.1, N~ (y) = N~ (2’) implying that
z € N~ (a'). Hence, since 2/ € N™[Y] and N~ (2') = N~ (y), it follows
that 2’ € N~ (y'). Furthermore, ' € N~ (') UN~(z). If y € N~ (2/),
then by Remark 3.3.1, N~ (2/) N N~ (y') = 0, and by Corollary 4.2.2,
N=(z) NN~ (y") = 0, because ' € NT(z) N N*(y'). Moreover, by
Theorem 4.1.1, z ¢ N~ (y') because LD is TTs-free, and y ¢ N~ (/)

because, otherwise LD would have two digons incident to the vertex y.

This implies that N~ (y') = {2'}, that is, d~(y') = 1, a contradiction
because y lies on a digon. Then 3y’ € N~ (z) and by Remark 3.3.1,
N~ (y)N N~ (x) = 0. Moreover, z ¢ N~ (y') because otherwise LD
would have two digons incident to vertex z. If N~ (y') " N~ (a) # 0 by
Lemma 4.1.1, N~ (y') = N~ (2’) implying that © € N~ (y’), which is a
contradiction. Therefore, N~ (y') NN~ (2') =0 and so N~ (y') = {2’}
and N~ (z) = {y,vy'}. Therefore, LD does not satisfy (ii). Thus, we
have proved that N~ (y) C X UY. Reasoning similarly for x as we did
for y, this time considering the arc zy, we get that N~ (x) C X UY.
If 2/ € N~ (x), then 2/ € N~ (y'). Since LD is TTs-free, 2’ ¢
N~(y) and by Corollary 4.2.2, N*(z) N N*(y') = 0 implying y ¢
N*(y'), therefore [N~ (y) N{z’,3'}| = 0 implying that d~(y) = 1, a
contradiction. Therefore, 2/ € N~ (y) and v/ € N~ (z). Since z €
N*t(y)NN*t(y'), by Corollary 4.2.2, N~ (y) " N~ (y') = 0, that is, 2’ ¢
N~ (y'). Moreover, since LD is TTs-free, y ¢ N~ (y'). And since there
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are no two digons incident to the same vertex x ¢ N~ (y'). Therefore
there is a vertex u € N~ (') \ (X UY) and since N~ (y/) NN~ (z) = 0,
u € N~ (). Hence, LD does not satisfy (ii7).

(b.2) Suppose that x € N~ (y') \ N~ (y). Then N~ (z) N (N~ (y) U
N~(y')) = 0 by Remark 3.3.1, implying that N~ (z) C {y,y'}.

(b.2.1) If N~ (z) = {y}, then v/ € N~ ('), implying that N~ () N
(N~ (2')UN~(z)) = 0, and consequently N~ (y') C {z,2'}. If 2’ €
N~ (y), then N~ (') N (N~ (y) UN—(y)) = 0, implying that N~ (a') C
{y,y'}. Observe that if y € N~ (z’), then by Lemma 4.1.1, N~ (z) =
N=(2') ={y,y'}, a contradiction with the assumption that N~ (x) =
{y}. Hence, N~ (2’) = {y'}. Moreover, N~ (y') C {z,2'} and N~ (¢/) =
{z} because otherwise the vertices z’,y’ form a digon with vertex
of degree one contradicting the hypothesis. Also, N~ (y) C {2/,y'}
and since N~ (') NN~ (y) =0, v ¢ N~ (y), we have N~ (y) = {a'}.
Therefore, (z,y',2’,y,z) is a directed 4-cycle in LD with four vertices
of in-degree one, and LD does not satisfy (iv).

(b.2.2) It N~ (z) = {y,y'}, we have a digon formed by vertices x and
y', also N~ (z)N (N~ (y) UN—(y')) = 0, and consequently N~ (y) C
{2’} UN~(a’) (recall that we are assuming that z € N~ (y') \ N~ (y)).
First, suppose that 2/ € N~ (y). Then N~ (y) NN~ (z') = () and so
N~ (y) = {2'}, and therefore y ¢ N~ (z') because LD has no digons
consisting of vertices of in-degree one. Hence, by Lemma 4.1.1, we have
N~ ()N N~ (2') = 0. Also x ¢ N~ (z) because otherwise LD does not
satisfy (i), a contradiction, and then N~ (2') NN~ (y’) = 0, concluding
that N~ (z') = (), which is a contradiction. Therefore, suppose that
€ N~ (y)\ N (y). By Theorem 4.1.1, =,y ¢ N~ (2'), implying
by Lemma 4.1.1 that N~ (z/) NN~ (z) = 0, N~ (&) NN~ (y) = 0.
Hence, N~ (y') = {z,2'} and N~ (2’) C N~ (y) and, since 6~ (LD) > 1,
there is u € N~ (2/) \ (X UY'). Therefore, LD does not satisfy (iii), a

contradiction. This completes the proof. |

Notice that, according to the above theorem, if a line digraph with

minimum in-degree 6, > 2 does not admit a (1,< 2)-identifying
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code, then 6; , = 2. In the following corollary, we give some sufficient
conditions for a line digraph with minimum in-degree at least two, to

admit a (1, < 2)-identifying code.

Corollary 4.2.3. Let D be a digraph with minimum in-degree 6~ (D) >
2. Then the following assertions hold.

(i) The line digraph LD admits a (1,< 2)-identifying code if and
only if LD is F-free, where F is the digraph (c) of Figure 21.

(ii) If 6= > 3, then LD admits a (1, < 2)-identifying code.
(iii) If k > 2, then LFD admits a (1, < 2)-identifying code.

Proof. Let D be a digraph with minimum in-degree 6~ (D) > 2. Items
(z) and (i7) follow directly from Theorem 4.2.1. To prove (iii) observe
that if £ > 2, then L* D does not contain the subdigraph of Figure 21 (c),

otherwise L*~1 D would contain a T'T3, a contradiction to Theorem 4.1.1.

More precisely, suppose that u, z,2’,y,y € V(L*D) are five different
vertices such that LE¥D[{u,,2’,y,9'}] is isomorphic to Figure 21 (c).
Let v = (u1,up) with u1,us € V(L*¥1D). Then 2’ = (ug,z4) and ¢/ =
(uz,y}) for some two different vertices @, y4 € V(LF71D), x = (y}, z5)

and y = (4, y5). Therefore, L¥~1D[{ug, 24, y4}] = TT5. mi

A large known family of digraphs obtained with the line digraph
technique is the family of Kautz digraphs. The Kautz digraph of degree
d and diameter k is defined as the (k — 1)-iterated line digraph of the
symmetric complete digraph of d + 1 vertices IH( d+1, that is, K(d, k) =
Lk_l}—éd_l,_l. For instance, the Kautz digraph K (2,2) shown in Figure 22,

is the line digraph of the symmetric complete digraph on three vertices.

<
Corollary 4.2.4. For each d > 3, the Kautz digraph K(d,2) = LK 311
admits a (1, < 2)-identifying code.

<~
By Corollary 4.2.3 (4ii), the Kautz digraph K(2,2) = LK3 (see
Figure 22) does not admit a (1, < 2)-identifying code. Therefore, the

condition k > 2 in Corollary 4.2.3 (iii) is necessary.
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Figure 22. The Kautz digraph K(2,2) as the line digraph of the

<>
symmetric complete digraph K.

4.3 ARC-IDENTIFYING CODES

Foucaud, Naserasr, and Parreau [28] characterised the digraphs that

only admit as identifying code the whole set of vertices. This allows us

to have a first upper bound for the identifying number of a line digraph.

Let us introduce the terminology they used for this characterisation.
Given a digraph D and a vertex z ¢ V (D), < (D) is the digraph
with vertex set V(D) U {x}, and whose arcs are the arcs of D together

with each arc (z,v) for every v € V(D).

Definition 4.3.1. (Kl,EB,j) is the closure of the one-vertex graph
K1 with respect to the operations ® and 4. Namely, the class of all
digraphs that can be built from K1 by repeated applications of & and 3.

Foucaud, Naserasr, et al. [28] proved that for any digraph D,
FIP(D) = |V(D)| if and only if D € (Ki,®,<). Notice that, if
D € (Ky, 9, ?) is a digraph with at least one arc, then the digraph
D = a:?(D) is not T'Ts-free and hence, by Theorem 4.1.1, it is not a
line digraph. Let r be a positive integer, we denote by ?l,r the digraph
obtained from the star K , by orienting the edges from the vertex with
degree ¢ to each neighbour. Now, consider F, the family of digraphs

defined recursively with the following three rules.
1. Kj e F;
2. ?141 € F, for every ¢ > 1;

3. if D1,D9 € F, then D1 & Dy € F.
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Thus, we have the following result.

Corollary 4.3.1. Let LD be a line digraph. Then, 7 '°(LD) =
|V(LD)| if and only if LD € F.

Before continuing with the study of line digraphs, let us point
out another consequence of the characterisation mentioned above, a
consequence for digraphs in general. Since for any D € (K, ®, ?) with
at least one arc we get 6~ (D) = 0, by Corollary 3.1.1 we have the

following result.

Corollary 4.3.2. Let D be a digraph admitting a (1, < £)-identifying
code and such that %P (LD) = |V (LD)|. Then, £ =1.

Observe that, in particular, if LD is a line digraph with minimum
in-degree 6~ > 2, then 7//P(LD) < [V(LD)| — 1. Next, we give a lower
bound on 7P (LD).

With this goal, we define the relation ~ over the set of vertices
V(LD) as follows. For all u,v € V(LD), u ~ v if and only if N~ (u) =
N~ (v). Clearly, ~ is an equivalence relation. For any v € V(LD), let
[u]. ={veV(LD):v~u}.

Lemma 4.3.1. Let C' be an identifying code of a line digraph LD.
Then, for any vertex w € V(LD),

[wl~\C] < 1.

Proof. Let w € V(LD) and u,v € [w]~ \ C. Then, N~ (u) = N~ (v)
and, since u,v ¢ C, it follows that N~ [u]NC = N~ (u)NC = N~ (v) N

C = N~ [v] N C, which is a contradiction if u # v. mi

Definition 4.3.2. Given a digraph D, a subset C of A(D) is an arc-
identifying code of D if C is both:

e an arc-dominating set of D, that is, for each arc wv € A(D),

{u}uQ~(u))NC # 0, and

e an arc-separating set of D, that is, for each pair uwv,wz € A(D)

(with wv # wz), ({uw} UQ~ (u))NC # {wz} UQ~ (w))NC.
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Hence, an arc-identifying code of D is an identifying code of its line
digraph LD. As a consequence, given a digraph D, the minimum size
of an identifying code of its line digraph, 7 /P(LD), is equivalent to
the minimum size of an arc-identifying code of D.

With the following result, we characterize the arc-identifying codes.

Theorem 4.3.1. Let D be a digraph and C C A(D). Then, C is an
arc-identifying code of D if and only if C satisfies the following two

conditions:

(i) For allv e V(D), |QF(v)\C| <1, and if |QF (v) \ C| = 1, then
Q- (v)NC #0;

(ii) for all w € C, if vu € C or |[QF (v)\ C| = 1, then ((Q (u)U
Q- (v) \ {uv,vu})NC # 0.

Proof. Suppose that C is an arc-identifying code of D. Hence, C
is an identifying code of LD, and by Lemma 4.3.1, we have for all
vw € V(LD), |[vw]. \ C| < 1. Observe that rs € [vw]. if and only
if N;,(rs) = N;p(vw), which only can occur if and only if r =
v. Therefore, we get that for all v € V(D), | (v)\ C| < 1 holds.
Moreover, let v € V(D) be such that [QF(v)\ C| = 1 and let vz €
OF (v)\ C. Hence, ({vz}UQ~(v))NC = Q~ (v)NC. Since C is an arc-
identifying code, ({vz}UQ~(v))NC # O, hence C satisfies (i). To prove
(i), let uv € C be such that ((Q~ (u) UQ~ (v)) \ {vu,ww})NC = 0. If
vu € C, then {uv} UQ ™ (u))NC = {uv,vu} = {vu} UQ~(v))NC,
contradicting that C is an arc-identifying code. Hence, vu ¢ C. It
1Ot (0)\ C| =1, say QO (v) \ C = {vz}, then ({wv}UQ (u))NC =
{fuv} = ({2} UQ~(v)) N C, a contradiction. Therefore, C' satisfies
(i1).

Now, suppose that C is a set of arcs of D satisfying (i) and (i),
and let us show that C is an arc-identifying code. To see that C is
an arc-dominating set of D, let ab € A(D). By (i), Q% (a) € C or
O~ (a)NC # 0, implying that ({ab} UQ~(a))NC # 0. Therefore,

C is an arc-dominating set of D. Next, let us prove that C is an
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arc-separating set of D. On the contrary, suppose that there are two
different arcs ab and cd, such that ({ab} UQ~(a))NC = ({ed} U
O~ (¢))NC. First, let us assume that ab,cd ¢ C and take an arc
w € {ab}uQ (a)NC = {cdtUQ (¢))NC. Then v = a = ¢,
implying that ab,cd € QO (v) \ C, contradicting (i). Second, assume
that ab € C, hence, ab € QO (c), implying that ¢ = b. If bd ¢ C, then
QT () \ C| = 1 and by (ii), (Q (a) UQ~ (b)) \ {ba,ab}) N C # 0.
Then ({ab} UQ~(a))NC # ({bd} UQ~ (b)) N C, a contradiction with
our assumption. Therefore, bd € C implying that bd € O~ (a) and d = a.
Again by (ii), ((Q (a) UQ~ (b)) \ {ab,ba}) N C # 0, yielding that
({ab} UQ~(a))NC # ({ba} UO~ (b)) N C, a contradiction. Therefore,

C is an arc-separating set. This completes the proof. |

Recall that, by Proposition 4.2.1, a digraph D admits an arc-
identifying code if and only if there is no digon with both vertices

of in-degree one.

Theorem 4.3.2. Let D be a digraph without digons with both vertices

of in-degree 1. Then,
FP(LD) = |A(D)| - [VZ (D).

Proof. By Proposition 4.2.1, LD admits a (1, < 1)-identifying code. Let
C be an arc-identifying code of D. Then, by Theorem 4.3.1,

Cl= >0 (dp(u)—1)

ueVy (D)

= > dh(u) - V5 (D)|
uevgl(D)

= |A(D)| - [V=1 (D).

O

Notice that by the proof of Theorem 4.3.2, we have v/P(LD) =
|A(D)| — [VZ,(D)] if and only if [QF (v) \ C| = 1 for each vertex v €
VS (D). In particular, if d*(v) = 1 and the lower bound is reached,
then QF (v)NC = 0.
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Recall that a 1-factor of a digraph is a 1-regular spanning subdigraph.

Next, we show that some digraphs with a 1-factor have an identifying

number that attains the equality in Theorem 4.3.2.

Theorem 4.3.3. Let D be a digraph having a 1-factor, with minimum
in-degree 6~ > 2, and without digons with both vertices of in-degree two.

Then, y'P(LD) = |A(D)| - [V(D)].

Proof. Let F denote a 1-factor in D. Let C = A(D)\ A(F). Let us show
that C satisfies the requirements of Theorem 4.3.1. By definition of C,
|+ (v)\ C] =1 and |~ (v) \ C| = 1 for each vertex v € V(D). Hence,
Theorem 4.3.1 (i) holds because |QF (v) \ C| =1 and O~ (v) NC # 0,
since 0~ > 2. Moreover, for any arc uv € C not in a digon we have
(Q~ () UQ~ (u)) \ {uv}) N C # O because |~ (v)\ C| = 1, which
implies that O~ (v)NC| = d~(v) =1 > 1. And if uv € C belongs
to a digon, since one of the two vertices, say v, must have d~(v) > 3
we have ((Q~ (v) UQ™ (u)) \ {uv,vu}) N C # 0 because |~ (v) N C| =
d=(v) —1 > 2. In either case Theorem 4.3.1 (i) holds. Therefore,
C is an arc-identifying code of D and ~/P(LD) < |A(D)| - |V (D).
Furthermore, by Theorem 4.3.2, /P (LD) = |A(D)| — |V(D)]. i

Recall that a digraph D is Hamiltonian if D contains a directed
cycle C such that V(C) = V(D), and this cycle is called Hamiltonian
cycle. Clearly, a Hamiltonian digraph has a 1-factor consisting of a
directed cycle W such that V(W) = V(D). The following result is an

immediate consequence of Theorem 4.3.3.

Corollary 4.3.3. Let D be a Hamiltonian digraph with minimum in-
degree 6~ > 2 and without digons with both vertices of in-degree two.

Then, P (LD) = |A(D)| ~ |V (D)|.

Corollary 4.3.4. The identifying number of a Kautz digraph K (d, k)
is vIP (K (d, k)) = d* — d*=2 for d > 3 and k > 2.

Proof. Note that K(d,2) = LK4+1. Since Ky is Hamiltonian and
4> 3, by Corollary 433, 71 (K(d,2)) =+ (LKs11) = |A(Kuy)| ~
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|V(Kg41)| = d(d+1) — (d+ 1) = d?> — 1, and the result holds for
k = 2. For any k > 3, the Kautz digraph K(d, k) = LF 1K 1 =
LL* 2Ky = LK (d,k—1). Since K (d,k — 1) is a Hamiltonian digraph
and d > 3, by Corollary 4.3.3, v/P(K(d,k)) = v'"P(LK(d,k — 1)) =
d* + d*=1 — (dF1 + d*=2) = d¥ — d*2, and the result holds. i

To extend Corollary 4.3.4 to K(2,k), we use the 1-factorization of
Kautz digraphs obtained by Tvrdik [58]. This 1-factorization uses the

following operation.

Definition 4.3.3. [58] If v = x1...x € V(K (d, k)), then
o 01(x) =wy... 1121 if X1 # T
o 01(x) =wg... v 1122 if T1 = T

Let Inc: V(K(d,k)) x Zq — V(K(d,k)) denote a binary operation
such that
Inc(xy ... T} 1Tk, 1) = T1 ... Tp_17),
where
xp+1 mod (d+1) if xp_1 > xp and Tp_1 > T} + 1, Or
T, = Tpo1 < xp and xp_1+d+ 1> x4+ 1;

zp+i+1 mod (d+1) otherwise.

Then, the generalized K -shift operation is defined as follows:

o (z) = Inc(oy(x),i),
o' (x) =o' (afy(x)).
Theorem 4.3.4. [58] The arc set of K(d, k) can be partitioned into d

1-factors Fy, ..., Fq_1 such that the cycles of F; are closed under the

operation oy

Theorem 4.3.5. The identifying number of a Kautz digraph K(2,k)
is YIP (K (2,k)) = 28 — 2872 for k > 2.

Proof. We can check in Figure 22 that C = {uv,vw, wu} is an identi-

fying code of K (2,2), then v/P(K(2,2)) = 3, and the theorem holds
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5 4

Figure 23. A digraph to illustrate Algorithm 1.

for £ = 2. Suppose that £ > 3 and let us consider the Kautz di-
graph K(2,k —1). By Theorem 4.3.4, we can take a partition of
the arcs of K(2,k — 1) into two 1-factors Fy and Fp, such that the
cycles of F; are closed under the operation called o i given in Defi-
nition 4.3.3. In particular the relation afo preserves digons, implying
that all the digons of K(2,k — 1) belong to the family Fy. Hence,
since Fp is a 1-factor of K(2,k — 1), the set of arcs in Fi, say Aj,
satisfies the conditions of Theorem 4.3.1. Therefore, A; is an arc-
identifying code of K(2,k — 1), that is, an identifying code of K(2,k)
and, Y'P(K(2,k)) = |A1] = |[V(K(2,k—1)| = 3-2F2 =2k _2k=2

4.3.1 Arc-identifying codes in oriented graphs

Now, we present an algorithm for constructing an arc-identifying code C
of an oriented graph D with minimum in-degree 6~ > 2 and minimum
out-degree 6t > 1. The idea of this algorithm is to add to C all the
arcs but one from Q7 (v), for each vertex v € V(D) trying to reach an
arc-identifying code of order |[A(D)| — |V (D)|. Notice that in particular,
for each vertex v € V;* (D) we have Ot (v) NC = 0 or O (v) € C, and
in the latter case the obtained arc-identifying code has order strictly

greater than |A(D)| — |V (D).
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Algorithm 1 Arc-identifying code

Input: An oriented graph D with minimum out-degree 6 > 1 and
minimum in-degree §~ > 2.
Output: An arc-identifying code of D.
1:let X :=0,Y:=0,and C:= 0
2: while Y # V(D) do
3: take zy € A(D) such that y € V(D) \ Y
4 X:=XU{z},Y:=YU(NH(z)\{y}),and C := CU(QF(z)\

{zy})
5. if N (y)\ X # 0 then
6: if there is t € N~ (y) \ X such that ¢ € V3, (D) then
7 take tz € A(D) such that z # y
8: let x:=tand y:==z2
9: return to 4
10: else
11: taket € N~ (y) \ X
12: X :=XU{t}, Y:=Y U{y}, and C := CU {ty}
13: return to 3
14: end if
15: else
16: return to 3
17: end if

18: end while
19: if Y = V(D) then
20: while X # V(D) do

21: take uv € A(D) such that u ¢ X
22: X := X U{u} and C := CU(Q" (u) \ {uwv})
23: end while

24: if X = V(D) then
25: return C
26: end if

27: end if

63
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To illustrate the Algorithm 1, as an example we run the algorithm
for the oriented graph of Figure 23 with 7 vertices and 14 arcs.
Input: Oriented graph depicted in Figure 23.

Steps 1-4: Start with the arc (1,5), then X := {1}, Y := {2}, and C :=
{(1,2)}.

Step 5: N=(5)\ X = {6} C V;"(D), then we go to step 11.
Steps 11-13: X = {1,6}, Y := {2,5}, and C := {(1,2), (6,5)}, go to step 3.
Steps 3-4: Take the arc (4,3), then X = {1,6,4}, Y := {2,5,1,6,7}, and
C:={(1,2),(6,5), (4,1), (4,7), (4,6)}.
Step 5: N~ (3)\ X = {5} C V,(D).
Steps 6-9: Take the arc (5,7), that ist =5 and z = 7.

Step 4: X = {1,4,6,5}, Y :={1,2,5,6,7,3,4}, and

C:=1{(1,2),(6,5), (4,1), (4,7), (4,6), (5,4), (5,3)}.

Step 5: N~ (7)\ X = 0, then go to step 3 but since Y = V(D), go to step
19.

Step 20: Since X # V (D), start steps 21 to 22 until X = V(D).
Steps 21-22: Take the arc (7,6), then X = {1,4,6,5,7}, and
C:=1{(1,2),(4,1),(4,7), (4,6),(5,3), (5,4), (6,5), (7,1)}.
Steps 20-22: Take the arc (3,2), then X = {1,4,6,5,7,3}, and C:=C.
Steps 20-22: Take the arc (2,4), then X = {1,2,3,4,5,6,7}, and C := C
Step 25: Output C := {(1,2), (4,1), (4,7), (4,6), (5,3), (5,4), (6,5), (7,1)}.

Theorem 4.3.6. Let D be an oriented graph with minimum out-degree
5T > 1 and minimum in-degree 6~ > 2. Then, the Algorithm 1 produces

an arc-identifying code of D.
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Proof. By construction, the Algorithm 1 produces two sets of vertices X
and Y such that every vertex v € V(D) satisfies that v € X at a certain
step of the algorithm (steps: 4, 12 or 22); and that v € Y at a certain
step of the algorithm (steps: 4 or 12). If v was added to X at step 4,

then |2 (v) \ C| = 1. If v was added to X at step 12, then Qt(v) C C.

And, if v was added to X at step 22, then |QF(v) \ C| = 1. In any
case, |t (v) \ C| < 1. Hence, C satisfies the first part of Theorem 4.3.1
(7). Now, we analyse the filling process of set Y. If v was added to Y
at step 4, then v € Nt (x) \ {y} for certain z and y in the algorithm

such that 2v € Q1 (z) \ {ay} c C. Otherwise, at some point, due

to step 12, there is a vertex t € N~ (y) such that t € X and ty € C.

In any case, O~ (v) N C # 0 and Theorem 4.3.1 (i) holds. Finally,
since D is oriented, for all uv € 6‘, clearly vu ¢ A(D), and we have
(Q (1) U (Q~(v) \ {uv})) N C| > 1 because O~ (u) N C # . Hence,
Theorem 4.3.1 (ii) also holds. Therefore, C' is an arc-identifying code
of D. ]

Now, consider an oriented graph D with minimum out-degree 6+ > 1
and minimum in-degree §~ > 2. As mentioned in the above proof, if
we run the Algorithm 1, for each vertex v € V(D), we have that v € X
at a certain step of the algorithm (steps: 4, 12 or 22). And, that
|t (v) \ C| # 1 if and only if v was added to X at step 12, where

OF(v) € C. Moreover, due to step 12, it follows that d*(v) = 1.

Hence, we have the following result.

Corollary 4.3.5. Let D be an oriented graph with minimum degree 6 =
min{d*,6~} > 2. Then, the Algorithm 1 produces an arc-identifying
code C C A(D) of size

Cl=A(D)| = [V(D)].

As a consequence of Theorem 4.3.2 and Corollary 4.3.5, we conclude

the following.
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Corollary 4.3.6. Let D be an oriented graph D with minimum degree
6 > 2. Then,
F'P(LD) = |A(D)| - |V(D)|.



SPECTRAL RESULTS ON IDENTIFYING
CODES FROM GRAPHS AND DIGRAPHS

This chapter consists mainly of the results published in [6]. As far as we
know, this is the first time the spectral graph theory has been applied
to identifying codes. We begin this chapter with some preliminary
definitions. In the Section 5.2, we give some sufficient algebraic and
combinatorial conditions for a 2-in-regular digraph to admit a (1, < £)-
identifying code for ¢ € {2,3}. In Section 5.3, we provide a new method
to obtain an upper bound for £ based on the eigenvalues and eigenvectors
of the adjacency matrix of the digraph. The results obtained in this last
section can also be applied to graphs, as it is mentioned at the end of
this chapter. We finish this section with a discussion motivating future

research.

5.1 PRELIMINARIES

Let D be a (di)graph. The adjacency matriz of D is the binary matrix
M = (au) indexed by the vertex set V (D), where agy = 1 if and only
if vy € A(D) (zy € E(D) in the case of graphs), and az, = 0 otherwise.

Recall that a digraph with adjacency matrix M = (ay,) has eigen-

value A and eigenvector = (z,,) if and only if

Mx =X x < Zawmv: Z Ty = ATy forallu e V.
veV VENT (u)
(6)
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The spectrum of the adjacency matrix M of a (di)graph is denoted
by sp(M) = {Ag", AT, ..., A"}, where \; are the different eigenvalues
and the superscripts stand for their (algebraic) multiplicities m; =
m(A;), whereas ev(A) is the set of the different eigenvalues (without

their multiplicities).

5.2 SUFFICIENT CONDITIONS

We begin with a result that gives a sufficient (spectral) condition for a

digraph to admit an identifying code.

Lemma 5.2.1. Let D be a digraph with adjacency matriz M and with
a set of eigenvalues denoted by ev(M). If —1 ¢ ev(M), then D admits

an identifying code.

Proof. We reason by contraposition. The digraph D does not admit an
identifying code if and only if there exists a pair of twin vertices u and
v. So,

(M +1)ey = (M +1)ey,

where e, and e, are the unitary characteristic vectors corresponding
to vertices v and v, respectively, and I is the identity matrix. Then,
(M +I)x = 0 with * = e, — €,, whence Mx = —x and —1 €
ev(M). i

Observe that if D is a digraph with —1 € ev(M), then this does not
imply that some of its corresponding eigenvectors are of the form e; — e;.
Hence, the converse of Lemma 5.2.1 it is not true. For example, consider
the forbidden subdigraph Hs of Theorem 3.4.2 shown in Figure 24. This
digraph has eigenvalue —1, but it does admit an identifying code.

Now, we give an algebraic-combinatorial sufficient condition for a 2-
in-regular digraph to admit a (1, < 2)-, or (1, < 3)-identifying code. The
goal is to use to the eigenvalues of the digraph to reduce the number of
forbidden subdigraphs considered in Theorem 3.4.2 and Theorem 3.4.3.

First, we prove the following lemma.

68



5.2 SUFFICIENT CONDITIONS

Figure 24. The forbidden subdigraph Hs from Theorem 3.4.2. The
numbering represents the entries of the eigenvector corresponding to

eigenvalue —1.

Lemma 5.2.2. Let D' be a digraph with mazimum in-degree A~ having
an eigenvalue X\ with eigenvector ' = (), such that zi, = 0 for
any vertex v € V(D') with d—(v) < A~. Then, any digraph D with
maximum in-degree A~ containing D' as a subdigraph has also the

etgenvalue .

Proof. Let M’ be the adjacency matrix of D’. We know that M'z’ =

Ax’. Let M be the adjacency matrix of D containing D’ as a subdigraph.

Now let us show that A also is an eigenvalue of M. To see this, it is
enough to check that vector x, obtained from «’ by adding zeros to
the entries of D corresponding to the vertices that are not in D’, is an

eigenvector of M with eigenvalue \. Indeed, from (6), for all u € V' we

get
Z Ty — Z Ty + Z Ty = Z Ly, (7)
vEN (u) vEN} (u) vEN} (u) vEN} (u)
veV’ vgV(D') veV (D)

because by the construction of vector @, the sum when v ¢ V(D’) is

zero. Then, we get the following:

o If u € V(D'), equality (7) gives

Z Ty = Z Ty + Z Ty
vEN} (u) vENS (w)NV (D) vEN],
dp(v)<A~ dp

Observe that if v € Nj(u) NV(D'), then v € Nj,(u) or
€ (Np(u) \ N (w)). If v e (N (u) \ Nj (u)) nV(D'), then
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dp(v) < A™ implying, by hypothesis, that z, = 0. Hence, we

have the following:

Yoooay= > T, + > Ty

vENS (u) vENE (u)NV (D) vENE (u)NV (D)
dp(v)<A~ dp(v)=A~
= > o+ D
vENT, (u) vENT, (u)
d,, (v)<A~ d,,(v)=A"
= Z T = Azl = Ay,
UENB,(U)
o If u¢ V(D'), then (7) provides
Z Ly = Z l‘;
vENT, (u) vENF (u)NV(D’)
= Z . =0= Az,
vENT (u)
d;,(v)<A’

O

Recall that we denote by H the family of digraphs Hy-H;3 of Fig-
ure 19, and with J the family of digraphs Ji-Ji5 of Figure 20. That is,
‘H and J are the the families of all forbidden digraphs of Theorems 3.4.2,
and 3.4.3, respectively. Notice that from all the digraphs in HU 7,
H,, Hs, H; to Hy3, J1, and Ji3 to Ji5, have maximum in-degree 2 and
an eigenvalue \ with eigenvector &’ = (z},), such that 2/, = 0 for any
vertex v such that d~(v) < 2 (see Figures 25 and 26). Hence, we have
the following result.

Hence, we have the following result.

Theorem 5.2.1. Let D be a 2-in-regular digraph with adjacency matrix
M.

(1) If =1,0 ¢ ev(M) and D is {Ha, H3, Hy, Hg }-free, then D admits
a (1, < 2)-identifying code.
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2 & Oy
@@@@@

Hs Hy
0

@ @ @“

Figure 25. The forbidden subdigraphs of Theorem 3.4.2. In the sub-
digraphs with eigenvalue —1, it is show the entries of an eigenvector
corresponding to this eigenvalue in the exterior, except for Hg where it

is show the entries of an eigenvector corresponding to 0.

(1¢) If =1,0 ¢ ev(M) and D is {J; € J | 2 < i < 12}-free, then D
admits a (1, < 3)-identifying code.

Proof. To prove (i), by Theorem 3.4.2 (ii), we know that if a 2-in-
regular digraph D does not contain any of the subdigraphs of Figure 25,
then D admits a (1, < 2)-identifying code. The subdigraphs Hy, Hy, Hz,
Hg, and Hig — His satisfy Lemma 5.2.2 for A = —1, and Hyg satisfies
Lemma 5.2.2 for A = 0. Then, we only need to forbid the subdigraphs
H,, H3, Hy, and Hg to obtain the result.

To prove (ii), reasoning similarly, we get that the subdigraph .J;
of Figure 26 satisfies Lemma 5.2.2 for A = 0, and subdigraphs Ji3-Ji5
satisfy Lemma 5.2.2 for A = —1, so we only need to forbid the rest of

the subdigraphs in this figure. |
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i R g g

’]l -]2 'J3

5

F Lk

<10

1 —1 —
1 1 0 1 0 1
0 1 0 1 0 1
0 —1 1 —1 1 -1
Jiz Jia 5

1
J11 J12 J15

Figure 26. The forbidden subdigraphs of Theorem 3.4.3. The subdi-
graphs with eigenvalue —1 show the entries of an eigenvector corre-
sponding to eigenvalue —1 in the exterior, except for J; that shows the

entries of an eigenvector corresponding to eigenvalue 0.

5.3 ALGEBRAIC UPPER BOUND FOR /

We provide some necessary notation introduced by Powers [51] and
referenced in the book by Cvetkovi¢, Rowlinson, and Simié [19]. Let
x = (z;) be an eigenvector associated with an eigenvalue \. We denote
by P(x), N(x), and O(x) the set of its positive, negative, and zero
entries, respectively. That is, P(x) = {i: z; > 0}, N (@) = {i : 2; < 0},
and O(x) = {i : z; = 0}.

Now, we show how, in some cases, we can use these sets to construct
two different sets of vertices having the same closed in-neighbourhood,

providing a bound for .

Proposition 5.3.1. Let D = (V| E) be a digraph with adjacency matriz

M having some real eigenvalue, say \ € ev(M), with an associated
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eigenvector € = (xy)uyey such that X = P(x) #0 and Y = N(x) # 0.

Then, depending on the sign of A, the following holds:

(a) IfA <0, then XUN—(X) = YUN—(Y) (& N-[X]=N"[Y]).

(b) IfA >0, then X UN—(Y) =Y UN~(X).
(¢) If \=0, then N~ (X)=N—(Y).

Proof. Let e, be the unitary characteristic vector of the vertex w. Then,
Me,, is the characteristic vector of the open in-neighbourhood of vertex
u. Let ™ be the vector obtained from a vector & by changing all
its negative components to zero. Similarly, ™ is obtained from x by
changing all its positive components to zero. Then, © = ™ + x~. Since
x is a A-eigenvector of M, we get Max = Ax or Mx — Ax = 0. Now we
distinguish the possible cases according to the sign of A:

(a) and (b): If A < 0 or A > 0, we have

Z tuMey, — et + Z zoMe, — Az~ = 0. (8)
ueX veY

For the case A < 0 we have that > .y z,Me, and —\zT are

positive, whereas Y, cy z,Me, and —Az~ are negative. Let 27 =

Suex TuMe, — Azt = (2F), and 27 = 3 cx voMey, — AT = (£]).

(2 (3

Hence, for every w € V(D) we have 2 = 2,,. Let w € N™[X], then

21 # 0, implying that 2, # 0. Hence, w € Y or there is v € Y such that

w € N~ (v). By the same argument, we conclude that N~ [X] = N~[Y].

For the case A > 0, >, cx r,Me, and —Az~ are positive, whereas
—A\z" and ¥, cy v Me, are negative. Then, the global sum is 0 if and
only if XUN—(Y) =YUN(X).

(¢) Finally, if A = 0, the vector equality

Z zuMe, + Z z,Me, =0
u€X veEY

gives the result. |

Regarding identifying codes, by the above proposition, we can use

this result to obtain an upper bound for ¢ when the adjacency matrix
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of the digraph we are working with has a negative eigenvalue with an
associated eigenvector having positive and negative entries. Let us see
that this is always the case when there is a negative eigenvalue. For
this, we use the same notation as in the proof of Proposition 5.3.1. Let
D = (V, E) be a digraph with adjacency matrix M having some negative
eigenvalue A € ev(M), with an associated eigenvector @ = (zy)yev -

Hence, from equation (8), if P(x) = ), then

Z zoMe, — Ax™ = 0.
veN (@)

This is clearly a contradiction because all the non-zero entries in the left
side of this equality are non-positive. We have the analogous result for
the case N () = 0. Therefore, if A < 0 and = an eigenvector associated
with it, then P(z) # ) and N (x) # 0. As a consequence we obtain
the following result, which gives an upper bound for ¢ in a digraph
D having a (1, < f)-identifying code. Moreover, by changing N~ (X)
and N~ (Y) by N(X) and N(Y'), respectively, we obtain an analogous
result for graphs. Let E)(M) denote the set of eigenvectors of a matrix

A associated with A.

Corollary 5.3.1. Let D be a graph or a digraph admitting a (1,< ()-
identifying code. Let M be its adjacency matrix having at least one

negative eigenvalue X. Then, £ < min max{|P(x)|,|N(x)|}.
TEEL(M)

Hence, to find a good upper bound for ¢ using the eigenvectors
associated with the negative eigenvalues of the adjacency matrix, the
desirable option is to use eigenvectors such that they have as many zeros
as possible and that the difference between the cardinalities of P(x)
and N (z) is minimal. Recall that if « is an eigenvalue with geometric
multiplicity m, a corresponding eigenvector with at least m — 1 zeros
can be constructed. Hence, a good eigenvector to be considered for
our purpose of finding a good upper bound for ¢ would be a negative
eigenvector with large multiplicity.

Now, we show some examples of how to use Proposition 5.3.1.
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His

Figure 27. The labels of the vertices are shown in the interior, and the
entries of the eigenvector corresponding to eigenvalue -1 in the exterior.

0 1

13 2
12 3
11 4
10 5
9 6
8 7

Figure 28. The Heawood graph.

Consider, the digraph Hjs (see Figure 27). Its spectrum is
{011, —1'} (we write multiplicities as exponents). An eigenvector
corresponding to the eigenvalue —1 is the vector (0,—1,1,—1,0,1)%.
The positions of the positive entries of this eigenvector give us ver-
tex subset X = {2,5}, and the positions of the negatives entries give
Y = {1,3}. We can check that N~[X] = N~[Y]| = {0,1,2,3,4,5}.
Then, this digraph does not admit a (1, < 2)-identifying code. Since
the digraph is clearly twin-free, it does admit an identifying code, then
in this case the upper bound is tight.

Let us see an example on a graph. Consider the Heawood graph

(see Figure 28). Its spectrum is {3!, v/25, — /26, —31}. The eigenvector

(0]
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corresponding to —3 has no zero entries while the 6 eigenvectors forming
a basis of E_ 5(M) have all 8 zero entries, these are:

(-1,0,1,0,-1, v2,0,—+/2,1,0,0,0,0,0)",

(-1,0,1,- /2,0, v2,-1,0,0,0,0,0,1,0)",
(0,-1,v2,-1,0,1,-+v/2,0,0,0,0,1,0,0)",
(0,1, v2,0,—v2,1,0,-1,0,1,0,0,0,0)",
(0,—v2,1,0,-1, v2,-1,0,0,0,1,0,0,0)",
( )

—+/2,0,v2,-1,0,1,0,—1,0,0,0,0,0,1)".

Notice that, for each of these six eigenvectors, we have that the
number of positive and negative entries is 3. If we consider, for instance,
the last one of these six eigenvectors, the positions of its positive
entries give us the set of vertices X = {2,5,13}. The positions of
its negatives entries provide us the set Y = {0,3,7}. We can check
that N[X] = N[Y] ={0,1,2,3,4,5,6,7,8,12,13}. Then, the Heawood
graph does not admit a (1, < 3)-identifying code. By Theorem 3.3.2
we know that the Heawood graph, which is 3-regular and it has girth
6, admits a (1, < 2)-identifying code. In this case, the upper bound is

again tight.

Figure 29. Dodecahedron graph

Now, consider the Dodecahedron graph (see Figure 29). Its spec-
trum is {3, V/53,11,0%, 2%, — /53}. The eigenvectors corresponding

to — /5 have four zero entries while the eigenvectors corresponding to
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—2 have 8 zero entries and the same number of positive and negative

entries, these are:

O O 0 17071717_1717_17_170717_171707070)t7
1,0 -2,-1,1,2,0,2,0, —2,—1,1,—1,0,1,0,0)t,
)t
)

Y

(
(1,
(0,1 ~1,-2,0,2,1,2,1,-1,-2,0,-1,0,0,1,0
(

0,0,1,-1,0,0,—1,—-1,1,1,1,1,0,—1,—1,—1,0,0,0, 1)".

Hence, by Corollary 5.3.1 we get that the Dodecahedron admits at most
a (1, < 6)-identifying code. Nevertheless, by Theorem 3.3.2, we know
that the Dodecahedron graph admits a (1, < 2)-identifying code and,
by Laihonen and Ranto [47], we know that it does not admit a (1, < £)-
identifying code for £ > 4. Is easy to see that the Dodecahedron does
not admit a (1, < 3)-identifying code. For instance, consider the vertices
w, x, z, 2" shown in Figure 29. Then, N[{z,w, z}| = N[{z,w, z'}]. This
example shows that the bound provided by Corollary 5.3.1 is not always
so good.

In the light of Corollary 3.1.1, it is natural point of future research
to find sufficient or necessary conditions for a digraph or graph, to have
an eigenvector, let say a, associated with a negative eigenvalue and
such that min{|P ()|, |V (x)|} < . Another point of future research
is to have the possibility that the two sets with the same closed in-
neighbourhood constructed based on the eigenvectors associated with
the negative eigenvalues, can have common vertices, unlike the two sets
constructed in Proposition 5.3.1.

Now, following the line of future research, let us see what we can
say when zero is an eigenvalue of the digraph. For this, let us show
the following result for digraphs with minimum degree. This is a first
result, which may be the starting point for future research in the case

where the digraph has zero as an eigenvalue.

7
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Corollary 5.3.2. Let D = (V,E) be a digraph admitting a (1, < {)-
identifying code, with §(D) > 1. Let M be its adjacency matriz. If
0 €ev(M), then

¢ < min {max{[P(z)], N (2)[} + |O(2)[}

TeE (M)

Proof. Let © € Eo(M). Suppose that P(x) = (. Then,

> ayMe,= Y xz,Me, =0.
veV (D) veN ()

This implies that, for every v € N'(z), N~ (v) = 0, a contradiction since
d~ > 1. We have the analogous result for the case N'(x) = (). Therefore,
P(x) and N (x) are both nonempty. Hence, from Proposition 5.3.1,
we have N7 (X) = N~ (Y), where X = P(z) and Y = N(x). Let
Z = O(z). Notice that, since 67 > 1, for each vertex r € X \
N=(Y), there is z, € Z such that x € N~ (z;). Analogously, for
every y € Y\ N7(X), there is z, € Z such that y € N~ (z,). Let
Z'={zneZ|ze X\N (YV)}U{z |y Y\ N (X)}. Hence, since
N~ (X) = N~ (Y), we have N~ [XUZ'| = N"[YUZ'|. Therefore,
¢ < max{|X|,|Y|} +|Z’|. This completes the proof.

O
0
5 1
4 2
F 3
Figure 30.

Consider the digraph F' shown in Figure 30. This is a digraph
with §(F) = 1 and spectrum {3(v5+1),0%,3(—v5+1),3(-1+
iV7),3(=1—iv/7)}. The vectors (1,5(—v5-1),1,2(—=v5-1),1,1)!
and (—1,0,0,1,0,0)" are the only eigenvectors associated with 3(— /5 +

1) and 0 (up to scalar product), respectively. By Proposition 5.3.1, with
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the negative eigenvector 3(— /54 1), we obtain that N~[{0,2,4,5}] =
N~[{1,3}], implying that F does not admit a (1, < 4)-identifying code.
Nevertheless, by Corollary 3.1.1 we know that F' does not admit a
(1, < ¢)-identifying code for any ¢ > 3.

Let us denote the eigenvector z = (—1,0,0,1,0,0)*. By Corol-
lary 5.3.2, we have that the sets X = P(x) UO(z) = {1,2,3,4,5}
and Y = N(x)UO(x) ={0,1,2,4,5} satisfies that N~ [X] = N~[Y].
Nevertheless, according to the proof of Corollary 5.3.2, it is not nec-
essary to add to P(z) and N (x) all the elements of O(x). Let
us use the same notation as in the proof of Corollary 5.3.2. Then,
for the vertex 0 € N(x), we have that zy could be 1 or 4, since
2z is such that zp € O(x) and 0 € N~ (2). For the vertex 3, we
have that z3 could be just 4. Hence, the set Z' = {4} satisfies that
N-[P(z)UZ'] = N[{3,4}] = N~[{0,4}] = N~[N(z) U Z/]. There-
fore, F' does not admit a (1, < 2)-identifying code. Hence, in this case,
with eigenvalue 0, we could find a better upper bound for /.

0

Figure 31.

Now, consider the tournament shown in Figure 31. Its spectrum

is {2, 71+m/25+2\/57 717i\/25+2x/57 —1+44 \/2572\/57 7171'\/2572\/5}' We can

not apply neither Corollary 5.3.1 nor Corollary 5.3.2 to obtain an upper
bound for £ because all its eigenvalues are positive or complex. Neverthe-
less, in this case, it is easy to find two different subsets of vertices with
the same closed in-neigbourhood, for instance, N~ [{0,1}] = N~[{1,2}].
Hence, since there are no twin vertices, this tournament admits an

identifying code but does not admit a (1, < ¢)-identifying code for any
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¢ > 2. An interesting possible direction for future research would be to

use the complex eigenvalues in order to find a bound for /.
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In conclusion, we summarise the main results contained in this thesis,
and also we give some suggestions for future research.

In Chapter 3, we show that if D is a digraph admitting a (1, < /)-
identifying code, then ¢ < §(D) + 1, where §(D) = min{d~(u) | u €
V(D) and d*(u) > 1}. We have focused our study on boundary cases
when ¢ achieves its upper bound. More precisely, we have stablished
some conditions to guarantee that a digraph admits a (1, < £)-identifying
code, when ¢ € {§(D),d(D) + 1}. These sufficient conditions are
presented in Theorem 3.3.1. As a corollary, a result by Laihonen [45],
that states that a k-regular graph with girth at least 7 admits a (1, < k)-
identifying code, is extended to any graph of minimum degree § = k > 2
and girth at least 7. Moreover, we show that every 1-in-regular digraph
has a (1, < 2)-identifying code if and only if the girth of the digraph is
at least 5. We also characterise all the 2-in-regular digraphs admitting
a (1, < £)-identifying code for ¢ = 2, 3.

In Chapter 4, we are concerned about the study of (1, < £)-identifying
codes in line digraphs. We prove that a line digraph of minimum in-
degree one does not admit a (1, < £)-identifying code for £ > 3. Then,
we give a characterisation for a line digraph of a digraph different from
a directed cycle of length 4 and minimum in-degree one, to admit a
(1, < 2)-identifying code. As a direct consequence, we obtain that a
Kautz digraph K (d, k) with d > 3 admits a (1, < 2)-identifying code.

For a digraph without digons with both vertices of in-degree one, we
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also prove that the identifying number of its line digraph is at least the
size of the original digraph minus the number of vertices with out-degree
at least one. As a consequence, the equality is attained by a digraph
having a 1-factor with minimum in-degree two and without digons with
both vertices of in-degree two. We also prove this equality in oriented
graphs with minimum in-degree and out-degree at least two by means
of a linear algorithm that provides identifying codes in this kind of
oriented graphs.

In Chapter 5, we give some sufficient algebraic and combinatorial
conditions for a 2-in-regular digraph to admit a (1, < £)-identifying code
for ¢ € {2,3}. We prove that if —1 is not an eigenvalue of the adjacency
matrix of the digraph, then D admits an identifying code. Moreover,
we provide a new method to obtain two different sets with the same
closed in-neighbourhood based on the eigenvalues and eigenvectors of
the adjacency matrix of the digraph. As a consequence, we obtain an
upper bound for ¢. These results are also applied to graphs.

As we mentioned in the Introduction, the study of (1, < ¢)-identifying

codes in digraphs has not been so much studied for ¢ > 2. The work

presented in this thesis is our contribution to the study on this subject.

While doing this thesis, potential lines of future research have raised.

Let us present below some of them.

e It would be very interesting to improve the results included in
Chapter 3, applying a similar algebraic and combinatorial method

used in Chapter 5.

e As we mentioned in the introduction, Coupechoux, Moncel, and

Touati [18] studied (¢, < 1)-identifying codes in tournaments.

Among other things, they proved that a tournament admitting

a (t, < 1)-identifying code with ¢ > 2 is a transitive tournament.

Omne of our goals for the future is to study (1, < ¢)-identifying

codes in tournaments, for ¢ > 2.
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e Regarding the applications, another interesting family of digraphs
is the de Bruijn digraphs. Boutin, Goliber, and Pelto [10] studied
(t, < 1)-identifying codes in de Bruijn digraphs, therefore another
of our goals for the future is to study (1, < ¢)-identifying codes in

de Bruijn graphs, for ¢ > 2.

Another contribution for the future would be to work on (¢, < ¢)-
identifying codes in digraphs for some related values of ¢ and
¢, for instance, when t and ¢ are lineal related (¢t = m{+b or

¢ =mt+D).

Regarding identifying codes in line digraphs, in Chapter 4, we
give tight upper bounds for the minimum cardinality of every
identifying code of a line digraph. Then, our objective is to
provide bounds for the minimum cardinality of every (1,< 2)-
identifying code of a line digraph. Moreover, we also want to find
better bounds for the identifying number of a line digraph when

it is not an oriented graph.

To study the existence of (1, < £)-identifying codes of Cartesian
product of digraphs. One starting point could be the work re-
garding identifying codes in the product of graphs by Laihonen
and Moncel [46], Gravier, Moncel, and Semri [34], Wash [59], Rall
and Wash [55], Hedetniemi [36], and Lu, Xu, and Zhang [50].
Furthermore, other products could also be very interesting for

studying the existence of (1, < ¢)-identifying codes.

Regarding the spectral line of research, a point for future study
is to improve the constructions of sets having the same closed
in-neighbourhood, allowing that these new sets share one or more
vertices. Moreover, we consider that the ideas presented after
Corollary 5.3.2 are a starting point for finding bounds for ¢ using
eigenvalue 0 of the adjacency matrix of the digraph. Similarly,
we want to address the problem of finding the way of using the

complex eigenvalues to calculate a bound for /.

83



CONCLUSIONS

e While doing this thesis I made an academic stay in Primorska
University in Slovenia. As a result we have joint paper [17] with
Chiarelli, Milani¢, Monnot, and Mursi¢. In this joint work we
studied strong cliques in diamond-free graphs. A natural line of
research for the future is to look for relationships between strong

cliques and identifying codes in diamond-free graphs.
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